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Abstract 

The curious connection between the spacings of the eigenvalues of random matri- 
ces and the corresponding spacings of the nontrivial zeros of the Riemann zeta func- 
tion is analyzed on the basis of the geometric dynamical global program of Langlands 
whose fundamental structures are shifted quantized conjugacy class representatives 
of bilinear algebraic semigroups. The considered symmetry behind this phenomenol- 
ogy is the differential bilinear Galois semigroup shifting the product, right by left, of 
automorphism semigroups of cofunctions and functions on compact transcendental 
quanta. 
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Introduction 



It became more and more evident over the years that there must exist a connection 
between the eigenvalues of random matrices and the nontrivial zeros of the 
Riemann zeta function C(s) in such a way that the distribution of the nontrivial zeros 
of can be approached by techniques developed in random matrix theory. 
And, as the distributions over ensembles of random matrices may be related to the statis- 
tical properties of waves in chaotic dynamical systems [Yau], the Riemann dynamics 
should be chaotic. 

Studying numerically the nontrivial zeros of (^{s) , Odlyzko [Odl] found that the mean 
spacings between their imaginary part 7^ and the spacings between the eigenvalues of 
large unitary matrices correspond. This work was based on researches of Montgomery 
[Mon] who found that the pair correlation of the 7^ is equal to the Gaussian unitary 
ensemble (GUE) pair correlation. 

In their famous paper [K-S], M. Katz and P. Sarnak put the big questions: "Why is this 
so and what does it tell us about the nature (e.g. spectral) of the zeroes? Also, 
what is the symmetry behind this "GUE" law?" 

It is the purpose of this paper to propose a satisfying solution to these questions based on 
the following considerations: 

1) The fundamental structures behind this problem cire those of the geome- 
tric-dynamical global program of Langlands, i.e. double symmetric towers 
of shifted conjugacy class representatives of bilineeir algebraic semigroups 
over sets of increasing finite algebraic extensions of number fields. 

2) The quantization of these conjugacy class representatives, which are ab- 
stract subsemivarieties [Har], by algebraic (resp. transcendental) quanta 
being equivalently: a) irreducible closed algebraic (resp. transcendental) 
subsets characterized by an extension degree N (which is the Artin conduc- 
tor); b) unitary irreducible representations of these semigroups. 

3) The considered symmetry behind this phenomenology is the one of the 
differential bilineEir Galois semigroup shifting the product, right by left, 
of automorphism semigroups of cofunctions and functions on compact 
transcendental quanta. 

4) The Riemann dynamics then corresponds to the wave chaotic dynamics 
described by random matrix theory. 
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The general proposed solution is organized in three parts (or chapters): 

1) Reminder of universal algebraic structures of the global program of Lang- 
lands [Pie2], [Lan]. 

2) Reminder of universal dynamical structures of the global program of Lang- 
lands [Pie3]. 

3) Responses to five questions allowing finding a solution to this problem: 

a) What is behind random matrices leading to the Gaussian orthogonal 
ensemble (GOE) as well as the Gaussian unitary ensemble (GUE)? 

b) What is behind the partition and correlation functions between eigen- 
values of random matrices? 

c) What interpretation can we give to the local spacings between the 
eigenvalues of leirge random matrices? 

d) What interpretation can we give to the spacings between the non- 
trivial zeros of the Riemann zeta function C(s) ? 

e) What is the curious connection between c) and d)? 

Let us analyse more concretely these three parts. 

In chapter 1, the bilinecir global version of the Langlands program is recalled to 
be based on: 

a) bisemiobjects (oj^xo^) composed of the products of right semiobjetcs oji, 
localized on the lower half space or on iR_ , and of left symmetric semiobjects 
Oi , localized on the upper half space or on IR+ . 

b) the product, right by left, of two symmetric towers of increasing alge- 
braic or compact transcendental extensions composed of an increasing 
number of algebraic or transcendental compact quanta and defining a 
(bisemi) lattice of biquanta, i.e. the product, right by left, of two symmetric 
(semi) lattices of algebraic or transcendental quanta. 

c) Abstract bisemivarieties X -F„) over products, right by left, (F^ x 
F-t,) of sets of increasing compact transcendental extensions (or archimedean 
completions) = {F^^ , . . . , F^., . . . , F^^} and Fy = {F^^ , . . . , F^., . . . , F^^} in such 
a way that they are (functional) representation spaces of the algebraic bilineeir 
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semigroups GL2n{F:vXFv) = T*^{Ev) X T2n{Fv) being the 2n -dimensional 
bilinear representations of the products, right by left, Gal(F^/A;) x Gal(F^/A;) of 
global Weil semigroups. 

d) The bilineEir abstract peirabolic semigroups P(^")(F^i X -F„i) , over products 
(F^i X F^i) of unitary transcendental pseudoramified extensions, in such a way that 
they Eire uniteiry representation spaces of the algebraic bilineair semigroup 
of matrices GIj2n{F^ x F^) . 

The abstract bisemivarieties G^'^'^\Fy x F^) , covered by their algebraic equivalents 
(7{2n)^^_ X i7^) ^ are separated bisemischemes or quasiprojectives bisemivarieties 
[Heir] and constitute the corner stone of the global program of Langlands since, by an iso- 
morphism of toroidal compactification, G(^")(F^xF„) (and G'^^"')(F^x F^) ) is transformed 
into the cuspidal representation n(GL2n(-'^i; X F^)) of GL2n(-'^i; X F^) . 
Remark that, as abstract (bisemi)varieties are quantized, their associated (bisemi)schemes, 
referring to quasi-projective (bisemi)varieties, are also quantized. 

The differentiable functional representation space FREPSP(GL2ti(-FV X F^)) of 
the complete bilinear semigroup GL2n{FjjXF^) is a bisemisheaf (M^^")0M^^")) 
of differential bifunctions on the abstract bisemivariety G^'^'^^F^ X F^) which 
is given by the product, right by left, of a right semisheaf M^^"^ of differentiable co- 
functions on the increasing conjugacy class representatives of the abstract right semi va- 
riety G'(2'»)(F^) = r(2n)(^_) by ^ igfi- semisheaf Mif ^ of symmetric differentiable func- 
tions on the increasing conjugacy class representatives of the abstract left semivariety 
G'(2")(F^) = r(2'»)(F„). 

Chapter 2 deals with dynamical (geometric) GL(2n) -bisemistructures of the 
global program of Langlands generated from the action of the elliptic bioperator 
{D^^^^ ®D^^^^) (i.e. the product of a right linear differential elliptic operator d'^^^^ acting 
on 2fc variables by its left equivalent D^^^^ , A; < n ) on the bisemisheaf (M^^n) ^ 
M^^"^)) according to: 

Df ^ ® Df''^ : FREPSP(GL2„(F^ x F„)) FREPSP(GL2„[2fei(F^ x M) x {F^ x M)) 

where FREPSP(GL2„[2A:](-^ij x E{) x (F„ x M)) is the functional representation space of 
GL2n(F^x F„) fibered or shifted in 2k bihnear geometric dimensions with F^'^ — (F„ x IR) 
the set of increasing left compact transcendental extensions fibered or shifted by real 
numbers. 

FREPSP(GL2fe(F^X iR) X (F^ X M)) is isomorphic to the total bisemispace of the 
tangent bibundle TAN(M^2fe) ^ M^2fe)^ ^j^^ bisemisheaf (M^^'^) (g) M^=^'=)) C 
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(M^2n) ^ M^2n)-) which bilinear fibre J^^^^{{TAN) = (F)REPSP(GL2fc(i/? X 
IR)) is the (functional) representation space of GL2fc(iR X IR) corresponding to 
the action of the bioperator (Z)^'^^) ® {D^^''^) . 

It is then proved that the bilinear semigroup of matrices GLr{IR^'^''^ X IR^"^^^) of 
"algebraic" order r, associated with the bihnear fibre GL2k{JR x JR) and referring 
to the action of the bioperator {D'^^^ ® D^l'^^) on the bisemisheaf {Mv'^'^ M^^'^'') , 
corresponds to the 2A; -dimensional "geometric" bilinear real representation 
of the product, right by left, of "differential" Galois (or global Weil) semi- 
groups Autk{4>R{IR)) X Autfc(0i(iR)) , shifting or fibering the product, right by left, of 
automorphism semigroups Aut ^ ( ( F^) ) x Autk{(l>L{Fy)) of cof unctions (pR ( Fjj) and func- 
tions (f)L{Fv) respectively on the compact transcendental real extensions Fy and Fy by 
Autfc(0R(F^ X IR)) X Autk{(f>L{Fy x IR)) such that 

GL,((/,H(iRW) X M^^^''^)) 

= Rep(=''=>(Autfe(</)fi(iR)) X AutkiM^)) , i<3 <r . 

Similarly, the unitary parabolic bilinear semigroup Pr{IR^^''^ X IR^"^^^) C 
GU(iR(^''^ X m^"^^^) , referring to the action of the bioperator [D%^^ ® D^^^^) on 
the unitary bisemisheaf {M^^^'' ^M^^*"^) C (M^^^^ <^ M^l''^) , corresponds to the 
2k -dimensional bilinear real representation of the product, right by left, of "dif- 
ferential" inertia Galois (or global Weil) semigroups Intk{(pR{IR)) x Intfc(0L(^)) 
such that 

PriMJR^'"'^) X = Rep(2*^)(Int,((/)ii(iR)) X IntkiMlR)) ■ 

Let Or{IR) denote the orthogonal group of (algebraic) order r with entries in IR and 
let Ur{€) denote the unitary group with entries in € . Then, the orthogonal bilin- 
ear semigroup Or{IR^'^^^ x IR^'^^'>) corresponds to the real parabohc bilinear semigroup 
Pr{IR^'^''^ X R^^''^) and the unitary bilinear semigroup Ur{€'' x (C'') corresponds to the 
complex parabohc bihnear semigroup Pr{(0^ x (C^) . 

Chapter 3 deals with the connection between large random matrices and the 
solution of the Riemann hypothesis by responding to the five above mentioned ques- 
tions. Prom now on, the geometric dimension 2k will be tciken to be 1 . 

1. The first question "What is behind random matrices leading to GOE and 
GUE?" leads to the eigenvalue problem in the frame of the geometric 
dynamical program of Langlands recalled in chapter 2. 



4 



The symmetric group at the origin of the bilinear global program of Lang- 
lands is the bilinear semigroup of automorphisms Autfc(F-) x Autk{F^) (resp. 
Galois automorphisms Gal{Efj/k)xGal{Fy/k) ) of compact transcendental (resp. 
algebraic) quanta generating a bisemilattice of compact transcendental (resp. 
algebraic) quanta while the symmetry group at the origin of the dynamical 
(geometric) bilinear global program of Langlands is the bilinear semi- 
group of shifted automorphisms Autk{(j)R{{Fy x IR)) x Autk{(j)L{{Fy x IR)) of 
bifunctions on compact transcendental biquanta generating a bisemilattice of 
compact transcendental quanta. 

It then results that the bilinear semigroup of matrices GLr(iR X IR) con- 
stitutes the " r -dimensional algebraic" representation of the bilinear dif- 
ferential Galois semigroup associated with the action of the differential 
bioperator (Dh^Dl) on the bisemisheaf {Mv]^^Mv]}). 

Let 

{Dr ® DLmG^'\F^^ X F,J) = ER^L{jmG^'\F^^ x F„J) , 1 < j < r , 

be the eigenbivalue equation related to the bisemisheaf {Mv]J <S> M^]^) . Then, we 
have that 

(a) the j-th eigenbifunction (p(G^^\F-^^ x F^^)) on the j transcendental 
compact biquanta, being the j -th bisection of {M^^ (g) M^^) , cor- 
responds to the j-th eigenbivalue ErxlU) which is the shift of this 
bifunction and the shift of the global Hecke chciracter associated with 
this subbisemilattice. 

(b) the eigenbivalues of the matrix of GLr{IR x IR) , constituting a representation of 
the bilinear differential Galois semigroup associated with the biaction of {Dr ® 
Dl) , are the eigenbivalues of the above eigenbivalue equation. 

2. The second question "What is behind the peirtition and correlation func- 
tions between eigenvalues of random matrices?" concerns the distribution 

of eigenvalues [D-H] of random matrices of the Gaussian unitary (GUE) and 
orthogonal ensemble (GOE) having r quantum states and chciracterized by 
a Hamiltonian matrix of order r whose entries are Gaussian random variables 
[D-S]. 

In the bilinear context envisaged in this paper, we are mostly interested by the 
m -point correlation function for the bilineair Gaussian unitairy (or or- 
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thogonal) ensemble BCUE (resp. BCOE) given by: 

2 2 r\ f 2 2 

with 

r-l 

Kr{xk,Xi) = E ipi{xk)ipi{xe) 

1=0 

and V'i(^) = h-^/^Pi(x) e-'-[(^G-xrG)(Rxfi)]/2 _ 

Pj(a3) being an orthogonal polynomial of degree i corresponding to the 
weight function e-^K^G^^x^G^X^xK)]/^ where G{IRxIR) = TC^ {IR)xTG{IR) 
is the bilinear Gauss decomposition of the matrix G of BCOE. 

Rmrji^^ (x^, .... ,T^^J is the probability of finding a level around each of the bipoints 
(i.e. entries in G) x^, . . . , , the positions of the remaining levels being unobserved. 

Let 

r-l 

Kr{x,x) = E tpi{x)ijji{x) 

i=0 

be the energy level density with ■ipi{x) given above. 
Then, we have found that: 

(a) the squeires of the roots of the polynomial Pi{x) correspond to the 
eigenbi values of the product, right by left, (C/^.^ X Ur^) of Hecke 
operators. 

(b) the weight e~^[(^'^^xK)x(TGxK)]/2 jg ^ measure of the eigenbivalues of 
the random matrix G G GLr(-ff? X IR) being a representation of the 
differential bilinear Galois semigroup. 

The orthogonal polynomials Pi{x) satisfy the three term recurrent relation 

f3j+iPi+i{x) = {x- ai)Pi{x) - f3iPi_i{x) 
leading to a tower whose matricial form is 

xP^JP + PiPi 

where J is the Jacobi matrix and P a column vector of polynomials of increasing 
degrees. 
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It was then proven that the i roots of Pi{x) are the eigenvalues of the Jacobi 
symmetric matrix being a representation of the Hecke operator t/^j ■ 

We are then led to the conclusions: 

(a) The probabilistic interpretation of quantum (field) theories is related 
to the bilineeir semigroup of automorphisms Autfc(Fif) X AutkiF^) of 
compact transcendental biquanta generating a bisemilattice of these. 

(b) The m -point correlation function for BCUE (or BCOE) 
Rmr-i^ii ' ' ' 1 constitutes a representation of the bilinear semi- 
group of automorphisms Autk{(f>R{Fy X IR)) X Autk{(pL{Fv X IR)) of 
bifunctions on shifted compact transcendental biquanta. 

3. The third question "What interpretation can we give to the local spacings 
[Gau] between the eigenvalues of large random matrices" depends on the 
dynamical global program of Langlands developed in chapter 2 and summarized 
in the first question: it results from the r -dimensional algebraic representation of 
GLr{IR X IK) associated with the action of the differential bioperator {Df{ -Dl) 
on the bisemisheaf [M^]^ M^lj ) and leading to the above mentioned eigenbivalue 
equation in such a way that: 

(a) the consecutive spacings 

SEr^lU) = Er^lU + 1) - Er^lU) , 1 < i < r- < oo , 

between the eigenb lvalues of the random matrix G G GL^(iR X IR) 
are infinitesimal bigenerators of one biquantum of the Lie subbisemi- 
algebra gli(F^i X F^i) of the bilineeir pcirabolic uniteiry semigroup 
Pi(F^i X Fyi) G GLi(Fv X Fy) and correspond to the energies of one 
free biquantum from subbisemilattices of (j + 1) biquanta. 

(b) the k-th consecutive spacings 

5E^^Uj) = En.LU + k)- En.L{j) 

between the eigenbivalues of the random matrix G G G\jr{IR x M) are the 
infinitesimal bigenerators on k biquanta of the Lie subbisemialgebra gl]^(F^fc x 
F^k) of the bilinear k-th. semigroup gl]^(Fjjfe x F^k) and correspond to the 
energies of k free biquanta from subbisemilattices of (j + k) biquanta. 
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The consecutive spacings SERxiij) between the eigenbivalues of the matrix G of 
GLr{IR X IR) decompose into: 



where SEFjixL{j) and SEVuxLij) denote respectively the fixed (or con- 
stant) and variable consecutive spacings between the r eigenbivalues of 
G. 

Then, we have that: 

(a) the consecutive spacings 

Ei^rU + 1) - - ^EVi^E^j) 

between the eigenbivalues E^^Y^{j + 1) and E^^^^{j) of a unitary random 
matrix of Ur{(C x (Z7) (or Or{IR x IR) ) are the variable (unitary) infinitesimal 
bigenerators on one biquantum on the envisaged Lie subbisemialgebra or the 
variable (unitary) energies 6E^^Y^{j) of one biquantum in subbisemilattices 
of (j ' + 1) biquanta. 

(b) the k-th consecutive spacings 

between the eigenbivalues of a unitary random matrix of Ur{(0 X 
€) (or Or{IR X IR)), are the variable energies SE^^^^^^(j) on k 
biquanta in subbisemilattices of {j + k) biquanta. 

4. The fourth question: "What interpretation can we give to the spacings 
between the nontrivial zeros [Zag], [Pol], of the Riemann zeta function 
C{s) ?" depends on the solution of the Riemann hypothesis [Bom] pro- 
posed in [Pie7] and briefly recalled now. 

The lU-pseudounramified simple global elliptic -bisemimodule 



T 
^RXL 



n 

where A^"'") (n) is a global Hecke character, 

can be interpreted as the sum of products, right by left, of semicircles of 
level " n " on n transcendental compact quanta and constitutes a cuspidal 
representation of the bilineeir semigroup GIj2{F^'^ X F^'^) . 
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Let C-r('^-) s-iid Cl(s+) , = a — ir and s+ = cr + , be the two zeta functions 
defined respectively in the lower and upper half planes. 

They are (distribution) inverse space functions, i.e. energy functions on the variables 
s_ and s+ conjugate to the complex space variables z* E € and z E <D of the cusp 
forms and f'R^z*) submitted respectively to the transform maps /l(^) — >■ 

Cl{s+) and fniz*) ^ Cr{s_) [Pie8]. 

Then, the kernel Ker(i7<^^^^_^^^^^) of the map: 

is the set of squares of the trivial zeros of C,r{s-) , Cl("S+) and ({s) , corresponding 
to the degeneracies of the products, right by left, of circles 2A("^'')(n)e^^*"^ on 2n 
transcendental quanta. 

By this way, we have a one-to-one correspondence between the trivial zeros 
of and the degeneracies of circles belonging to symmetric towers 

of cuspidal conjugacy cIeiss representatives of bilineEir complete algebraic 
semigroups. 

Then, it is proved that the products of the pairs of the trivial zeros of the 
Riemann zeta functions Ck(s-) and C-t(s+) are mapped into the products 
of the corresponding pairs of the nontrivial zeros according to: 

{DAv?,i^ ■ ^irfi} '■ {det(a4„2)}„ — > {det(D4„2^j2 ■ e4„2 ■ q;4„2)s5}„ 

{(-2n) X (-2n)}„ {\f \An\i\E,^.) x \^r\An\i\E,^.)}r, 

where: 

• q;4„2 is the split Cartan subgroup element associated with the integer 2n ; 

• Din'^ .p. is the coset representative of the Lie (bisemi) algebra of the decomposi- 
tion bisemigroup acting on q;4„2 j2 ; 

• £4„2 is the infinitesimal bigenerator of the considered bisemialgebra. 
Every root of this Lie bisemialgebra is determined by the eigenvalues 

2 

of iD4„2^j2>e4„2>a4„2 which are the nontrivial zeros of C(s) written compactly 
according to (| + ijj) and {\ — ijj) i j n . 

Then, we have that: 
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1) the consecutive spacings 

^-ti = 7i+i - 7i ? J = 1? 2, ... , 

between the nontrivial zeros of C(*) ^i'^ equivalently: 

a) the infinitesimal generators on one quantum of the Lie subsemi- 
algebra ^-^{F^^^^) (or ^-^{F^^^)) wYiere F^^^^^ is a pseudounram- 
ified compact transcendental extension (see section 1.1) of the linear 
parabolic unitary semigroup Pi{F^i''^) C GLi(Fi'^'"^) = Ti{Fv"''^^) (or 

b) the energies of one free quantum in subsemilattices of {j + 1) 
quanta. 

2) The k -th consecutive spacings 

S) = Ij+k - Ij 

between the nontrivial zeros of C(s) are equivalently: 

a) the infinitesimal generators on k quanta of the Lie subsemialgebra 
gkiF^r^) (or gli(zSr)) ) of the A;-th semigroup GU{F^r^) (or 
GL,(F(r^)); 

b) the energies of k free quanta in subsemilattices of {j + k) quanta. 

The fifth question "What is the curious connection between the spacings 
of the nontrivial zeros of C(*) the corresponding spacings between the 
eigenvalues of random matrices?" [Ke-S] finds response in the following 
statements (propositions of chapter 3): 

• The consecutive spacings 

= - , j e IN , 1 < i < r < oo , 

between the nontrivial zeros of the Riemann zeta function C,[s) 
correspond to the consecutive spacings 

<?(j)=4:?(j+i)-4:?(j), 

( R^L means right of left), 

between the square roots of the pseudounramified eigenbivalues of a (large) 
random matrix of GLr(i?i x IR) (or of GIjj.{(0 x (0) ) 
and are equivalently: 
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1) the infinitesimal generators on one quantum of tlie Lie subsemialgebra 
gl;^(Fj™'*) of tlie linear parabolic unitary semigroup Pi{Fj^[''^^) ; 

2) the energies of one transcendental compact pseudounramified ( = 1 ) 
quantum in subsemilattices of (j + 1) transcendental compact pseudoun- 
ramified quanta. 

• The set {^-E'IjIl (i)}j=i of consecutive spacings between the square roots of the 
eigenbivalues of a random matrix of GLj.{IR x IR) as well as the set {S^jYj^i 
of consecutive spacings between the nontrivial zeros of constitutes a repre- 
sentation of the differential inertia Galois semigroup associated with the action 
of the differential operator Dl or Dr . 

• Let {SEii^L{j)}j be the set of consecutive spacings between the square roots of 
the eigenbivalues of a random matrix of GLr{lRx IR) or between the eigenvalues 
of a random matrix of GL^. {IR) . 

Then, there is a surjective map: 

IMe^^: {3ER,L}j 

of which kernel Ker[7M£;_^^] is the set {5-E'r,l(j) — of differences 

of consecutive spacings between the square roots of the pseudoramified and 
pseudounramified eigenbivalues of a random matrix of GLr{lR x IR) , i.e. the 
energies of one compact transcendental pseudoramified {N > 2) quantum in 
subsemilattices of (j + l) transcendental pseudoramified quanta. 

• Finally, we can gather the results of this paper in the following propo- 
sition (see 3.33). 

Let S^j''^ = "fj+k — Ij denote the k -th consecutive spacings between 

the nontrivial zeros of C,{s) . 

Let. 

- SE^^^^ij) = EnAj + k) - ER,i^{j) ; 

- 6EV^l:^-^'^'^^^{j) = 4:?'"^°"(J + fc) - 4:?'"^^"0% l<j<r, 
k<J, 

be the fc-th consecutive spacings between respectively; 

— the pseudoramified eigenvalues of a random matrix of GLj.{IR) ; 

— the pseudounramified eigenvalues of a random matrix of GLr{IR) ; 
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— the pseudounramified eigenvalues of a random unitary matrix of Or{IR) . 
Then, we have; 

1) S'jj''^ = SE^^]^'^''\j) which cire equivalently; 

a) the infinitesimal generators of k quanta of the Lie subsemial- 
gebra gli(F^k^^) of the Hneeir fc-th semigroup 
GLi(F;r^)CGLi(F(-)); 

b) the energies of k transcendental compact pseudounramified 
( iV = 1 ) quanta in subsemilattices in (j + k) transcendental 
pseudounramified quanta; 

c) a. representation of the differential Galois semigroup associated 
with the action of the differential operator Dl or Dr on a function on 
k transcendental pseudounramified quanta; 

2) a surjective map: 

of which kernel is the set {SE^^\{j) — ^E^'^^\j)}j of difference of k - 
th consecutive spacings between the pseudoramified and pseudounramified 
eigenvalues of a random matrix of GLr(iR) ; 

3) a bijective map: 

where 5^^^^ denotes a k -th (variable) consecutive spacing verifying ^7]*^^ — 

It has been inferred for a long time that the nontrivial zeros of the Riemann zeta 
function are probably related to the eigenvalues of some wave dynamical system. 
The connection between these two fields at the hght of the global program of 
Langlands can be summarised by the proposition 3.35: 

The squcires of the nontrivial zeros 7j of the Riemann zeta function 
C{s) are pseudounramified eigenbivalues of the eigenbivalue biwave 
operation: 

of which eigenbifunctions are the sections of the bisemisheaf {M^^ ® 
M^^) being interpreted as the internal stringfield of an elementary 
(bisemi) particle [Pie8]. 
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1 Universal algebraic structures of the global pro- 
gram of Langlands 



1.1 Symmetric structures of the program of Langlands 

In analogy with the fundamental theorem of the Galois theory which estabhshes a one-to- 
one correspondence between the set of closed intermediate fields of a given finite extension 
F of a number field k and the set of all closed normal subgroups of the Galois group 
Autjt F , we consider a set of increasing finite algebraic extensions of k in one- 
to-one correspondence with the corresponding Galois (sub)groups. The envisaged global 
program of Langlands is then constructed on n -dimensional representations of such Galois 
(sub)groups and is recalled in this chapter. 

Since symmetric semiobjects have to be considered in any generality [Pie4], we take into 
account the bilinecir global version of the Langlands program concerning the gen- 
eration of general symmetric structures, i.e. double symmetric towers of conjugacy 
class representatives of (bilinesir) algebraic (semi)groups. 

1.2 Algebraic and transcendental symmetric extensions 

Let then the set F of finite algebraic extensions of a number field k of characteristic be 
a set of symmetric splitting fields composed of the left and right real symmetric splitting 
semifields F^ and F^ given respectively by the sets of positive and symmetric negative 
simple real roots. 

Assume that the set of all increasing left (resp. right) splitting semifields [Wei]: 

Fvi C • • • (^Fyj ,^^ C • • • C Fy^^^^ 
(resp. C • • • CF^,,^ . C • • • C F^,,^^ ) 

is a set of increasing left (resp. right) real algebraic extensions characterized by degrees: 

:k]^[F^.:k]^*+j N , 1 < J < r < oo , 

which are integers modulo , where 

• * denotes an integer inferior to A" ( * = for the zero class) ; 

• rrij labels the multiplicity of the envisaged extension. 
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These algebraic extensions are then said to be pseudoramified in contrast with the pseu- 
dounramified extensions {Fv'^"}, }j.m (resp. {F^^^^^ }j,m- ) which are characterized by their 
global residue degrees f^. (resp. fvj )'- 

The smallest left (resp. right) (pseudoramified) splitting (sub)semifield 

(resp. Fjj-^ ) characterized by an extension degree 

: k] = -.kj^N (case j = 1) 

was interpreted as being a left (resp. right) algebraic quantum, i.e. an irre- 
ducible closed left (resp. right) algebraic subset. 

According to the fundamental theorem of Galois, there could exist a one-to-one correspon- 
dence between the intermediate subsemifields 

(resp. F^, 2 • • • 2F^, ^ ■ ■ ■ 2 F^, ^ k ) 

and the corresponding closed subsemigroups of the Galois semigroup Geil{F^/k) (resp. 
Gal(F+A)): 

{1} C Gal{F,Jk) C • • • C Gal(F,,/F,,_J C • • • C Gal(F,/F,_i) . 

But, the extension degree : k] — [Fy^ : k] would then be the product of the above 
intermediate algebraic extension degrees which is generally not verified by the given exten- 
sion degree [F^^ : k] — [F^^ : k] — r ■ N which belongs to the zero class of integers modulo 
N required by the searched one-to-one correspondence between the representations of the 
associated Galois (sub) groups and the corresponding cuspidal representations [Pie2]. How- 
ever, every algebraic extension Fy. (resp. Fy. ), 1 < j < r < oo , characterized by the 
degree [Fy. : k] — [Fy. : k] — j ■ N , can be decomposed according to the fundamental 
theorem of Galois. 

Let then {Fy.^,}jm (resp. {Fv^.}jm ) be the set of increasing algebraic extensions 
characterized by degrees : k] = j ■ A^}j,m, (resp. {[F^,-„^, : k] = j ■ A^jj,™^ ) and 

whose global Weil (or Galois) subgroups [Pie2] are Gal(F^^. ^ . / A;) (resp. Gal{Fyj ^ J k) ) . 
By an isomorphism of compactification 
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each algebraic extensions Fy^^^ (resp. F^j ) is sent into its compact image 
Fy.^ (resp. F-^fj.^ ) which is a closed compact subset of (resp. IR_). 



Each compact image -Fl,^^, (resp. Fjj.^ ) of the algebraic extension F^-^^ (resp. 
Fy.^, ) is thus a transcendental extension [Hun] of which transcendence degree 
tr -d ■ Fy.^^, (resp. tr -d ■ Fy.^^, ) is given by: 

tr -d ■ Fy^^^^ = [Fy^^^^ ■.k]=j-N (resp. tr -d ■ F^^. = [F^^^^^ ■.k]=j-N). 

Every transcendental extension Fy^^. (resp. Fy.^, ) is also an archimedean completion 
which can be viewed as resulting from the semigroup of automorphisms Autfe(F^^ .^^ ) (resp. 
Autfe(F^^.^^.) ) which is a semigroup of reflections (or permutations) of a transcendental 
quantum F^i C F^.^, (resp. F^i C Fy.^^ ) characterized by the corresponding 

extension degree [F„i : k] — \Fyi : k] — N [PieSl . 

This implies that the compact transcendental extension F^f^^^ (resp. -F^^^^), 
composed of h left (resp. right) transcendental quanta, of transcendental 
degree h-N over fc , is included into the transcendental extension Fy_.^ (resp. Fy.^,), 
composed of j left (resp. right) compact transcendental quanta, in the sense of the 
fundamental theorem of Galois theory. Indeed, the transcendental quantum Fyi C Fy^ ^ . 
(resp. F^i C F^^ ^^. ) of the transcendental extension Ft,^.^^ (resp. F^j^ ) is homeomorphic 
to the transcendental quantum F„i C F„^ (resp. F^i C Fy^ ) of the transcendental 
extension Fy^ (resp. Fy^ ) since, by Galois automorphism and isomorphisms of 
compactification, they are the compact images either of the nonunits of the algebraic 
quantum Fyi (resp. F^i ) of the algebraic extension Fy.^^, (resp. Fy^^^, ) or of the 
nonunits of the algebraic quantum Fyi (resp. F^i ) of the algebraic extension Fy^ 
(resp. F^^,^J. 

Thus, in the case of transcendental extensions or compact archimedean completions, we 
have that: 



1.3 Proposition 

// Fy^ (resp. Fy^ ) is a finite dimensional compact transcendental extension of k , there 
is a one-to-one correspondence between the set of intermediate semifields 

Fx,. D • • • D D • • • DF^i D k 
(resp. F^, D • • • D F^j,. D • • • DF^^ D k ) 
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and the set of corresponding subsemigroups of the semigroup of automorphisms 
Autfe(F^,J (resp. Autfc(F^J): 

{1} C Autfe(F,J c • • • C Autp^^ c • • • C Aut^^„^(F„J 
(resp. { 1 } C Autfc (F^, ) C • • • C Autji,^ (F^J C • • • C Autp^^ (F^^ ) ) 

in such a way that: 

a) the relative degree (or transcendental dimension) of two intermediate semifields must 
be an integer; 

b) (resp. F^^ ) is transcendental over every intermediate semifield Fy. (resp. F^. ) 
if their transcendence degrees or global residue degrees verify [Hun]: 

tr -d ■ F^Jk = (tr -d ■ F,JF,^) + (tr -d ■ F,Jk) 
(resp. tr -d ■ F^Jk = (tr -d ■ F^JF^.) + (tr -d ■ F^./k) ). 

Proof: In the Galois (i.e. algebraic) case, we would have that Gal(Ft,^/Fy^.) , correspond- 
ing to Auti?^^. Fy^ in the transcendental case, is normal in Gal(F^^/A;) and that 

Gal(F,^./A;) = G^\{F,Jk)/{F,jF,^) 

implying the relative degree F^^ : F^^. j = ^ , being the relative index of the corresponding 
semigroup, is not an integer unless j divides r . ■ 



1.4 Bisemilattices of algebraic and transcendental quanta 

According to section 1.1. and [Pie2], only symmetric semiobjects have to be considered 
in any generahty in such a way that a bisemiobject Or X Ol is composed of the 
product of the right semiobject Or , localized in the lower half space or on IR- , 
and of the left symmetric semiobject Ol , localized in the upper half space or 
on . So, instead of envisaging the set of left (resp. right) increasing transcendental 
(or algebraic) extensions: 

— {F^l ) ■ ■ ■ ) ^Vj^rrij ) • • • 5 ^Vr,mr } (reSp. Fy — {Fjj^ , ■ ■ ■ , ^Vj^mj ) " " " ) ^Vr,m.r } ) ' 

we shall take into account their (diagonal) product 

Fy X Fy : {F^j X F^^, . . . , Fy.^^^ X F^.^^^ ■ ■ ■ Fvr,mr ^ ^Vr,mr^ 
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in one-to-one correspondence with their semigroups of automorphisms: 



Autfc(F^) X Autfc(Fj = 

{ Autfc X Autfc , . . . , Autfc ^ . x Aut^ F^, . . . , 

Autu Ft, X Autt. F„ I . 



Gal(F^/A;) x Gal(F„/A;) = 

{Gal(F^,/fc) X Gal(F,,/fc), . . . , {Gal(F^^,„yA:) x Gal(F,^,,„yfc), . . . , 

{G^KK^mJk) X Gal(F,_/^)} 



denote the products, right by left, of the Galois semigroups of the sets of increasing 
algebraic extensions characterized by increasing degrees belonging to the zero class of 
integers modulo N : they are thus, Weil global semigroups [Pie2]. 
We thus have the isomosphism: 



associated with the isomorphism: 

x F„ ^ X F^ 

between the product, right by left, of sets of symmetric algebraic and transcendental 
extensions (or archimedean completions), which consists in the the product, right by 
left, of two symmetric towers of increasing algebraic or compact transcendental 
extensions composed of an increasing number of algebraic or transcendental 
compact quanta: this defines a bi (semi) lattice of biquanta, i.e. the product, right by 
left, of two symmetric (semi)lattices of algebraic or transcendental quanta. 

1.5 Abstract bisemivarieties 

Let (resp. Bp_) be a left (resp. right) division semialgebra of real dimension 2n over 
the set Fy (resp. F^ ) of increasing real pseudoramified extensions: 

Bp^ (resp. Bp_ ) is then isomorphic to the semialgebra of Borel upper (resp. lower) 
triangular matrices: 



Let 



Gal(F^/A;) x Gal(F„/A;) 



> Autfe(F^) X Autjk(F^) 



V 



T2n{Fy) 



(resp. Bp 



V 



TLiF^ )) 
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allowing introducing the algebraic bilinear semigroup of matrices by: 

in such a way that its representation (bisemi) space is given by the tensor product M^^"'' ® 
Mif ) of a right T|„(Ftj) -semimodule Mv"^^ , localized in the lower half space, by a left 
T2n(-Pj;) -semimodule M^^^ , localized in the upper half space. 

The GL2„(F^xF„)-bisemimodule M^2r^)^J^^2r^) 

is an algebraic bilinecir (cifRne) 
semigroup noted G^^'^^{F^ X F-t,) whose bilinear semigroup of Galois automorphisms 

is GI^M£")®MifV 

GL(M^^"^(8)]W^^"'^) constitutes the 2n -dimensional equivalent of the product Gal(F^/A;)x 
Gal{Fy/k) of Galois semigroups in such a way that ^(^"^(F^ X F„) becomes the 2n- 
dimensional (irreducible) representation space IrrRepg^ (Gal(F^/A;) x Gal(F^/A;)) of 

Gal(F^/fc) x Gal(F^/A;) . 

X F„) = Irr Repg;^;) ^ (Gal(F^/A;) x Gal(F^/A;)) 

implies the mononorphims: 

a^^ X a^^ : (Gal(F^//c) x Gal(F^/A;)) GL{M^^ ® M.J ^ G^^''\F^ ® F^) . 

The isomorphism 

Gal(F^/A;) x Gal(F„/A;) ^ Autfe(F^) x Autfe(F.) 

between the products, right by left, of Weil global semigroups and corresponding automor- 
phism semigroups of transcendental extensions leads to the commutative diagram 

Gal(F^/A;) x Gal(F„/A;) J^^J^i^ ^(^"^(F^ x F^) 

1 I 
Autfc(F^) X Autik(F,) ' G^'^Hf^xF.) 

where the monomorphism <t„^ X cr^,^ generates the abstract bisemivairiety 
^(2n)^^_ y p^-^ ^jjg product of sets of symmetric compact transcendental 
extensions (or circhimedean completions). 

The abstract bisemivariety G^'^'^^F^ x F„) is covered by the algebraic bilinear (affine) 
semigroup G^'^'^\Fy x Fy) and is thus a complete (locally) compact (algebraic) bilinear 
semigroup. 
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At every infinite biplace vj x vj of X corresponds a conjugacy class 

gi^^J^lj] of the abstract bisemivariety G'^^'^^F^ X F„) . 

The number of representatives of gi^i^^^ \j] corresponds to the number of equivalent exten- 
sions of Fy. X Fy. ; 

Let O^^ (resp. ) be the maximal order of Fy (resp. Fy). 

Then, = Ob- (resp. = Ob- ) in the division semialgebra Bp^ (resp. Bp,_) is a 

pseudo-ramified Z/N .^-lattice, in the left (resp. right) Bp^ -semimodule Mi^"-* (resp. 
Bp_ -semimodule M^,^^ ) . 
So, we have that 

A, r2„(O^J r2„(O^J (resp. A^ T^^JO^J r*„(O^J ) 

leading to 

A^ X A, = TliOF^) X r2„(e»pj 

= GL2„(e'^, X OfJ) 
= GL2n((^/iV _ 

Then, the representation space Repsp(GL2„(.S/A^ .^^) of GL2n{{^/N 2Zf) decomposes 
according to: 

Repsp(GL2„(^/A^ 7^'')^®® f A^,,^. ® ky.\ 

j rrij V ^ ^ / 

where A^,^. ^ (resp. ^Uj^. ) is the (j,mj) -th subscmilatticc referring to the conjugacy 
class representative gi^L^\j,iTLj] E G^'^"'\Fu) (resp. gl^j^\j,mj] E G^'^"'\Fjj)). 
The pseudo-ramified Hecke bisemialgebra Hfi^L{2n) of all Hcckc biopcrators 
Tji{2n;r) ® Ti(2n;r), having a representation in the arithmetic subgroup of 
matrices GLi2n{{^/N Z)^) , generates the endomorphisms of the Bp- x Bp^- 
bisemimodule (iVf^^^^ (g) M!^^^^) decomposing it according to the bisubsemilat- 
tices (A^.^^.^Ay.^^,) [Pie3]: 

(8) = e (7l4'") (8) M(2") ) . 



Let 



p{nr) _ r p{nr) p(nr) p{nr) \ 

^ V VI T ■ ■ ■ ■> ^ ^j,mj ' ■ ■ ■ ' Vr,7nr J 



(resp. 4^'' = {Fir\...,Ftl,---^^l}) 
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be the set of left (resp. right) increasing pseudounramified transcendental extensions home- 
omorphic to the corresponding pseudounramified algebraic extensions introduced in sec- 
tion 1.2. 

Let G*-^"^ (-Pi"'^'' X -Pi"^'') be the complete bilinear semigroup with entries in (i^^"^'* x Fy^^^) . 
Then, the kernel Ker(G^^^p(„^)) of the map: 

G^'^M"^): G^^-\F^xFy) G(2n)(F(-)xFi-)) 

is the smallest bilinear normal pseudoramified subgroup of G^'^'^^F^ x Fy) : 

Ker{Gf}^,„^,) = P^^^\F^. X Fy.) , 

i.e. the parabolic bilinear subsemigroup over the product F^i x F^i of sets 

F^i = {F^i , . . . , F^i^^ , , . . . , F^i_^^ } and F,i = {F,i , . . . , ^ , , . . . , F,i } 

of "unitEiry" transcendental preudoramified extensions. 

1.6 Proposition 

The bilinear abstract parabolic semigroup P*^^"^(F^i x F^i) is the unitary (irreducible) 
representation space of the complete bilinear semigroup GL2n(PV x F^) of matrices. 

Proof : 

1) The abstract bisemi variety G^^") (F^ x F„) , covered by the algebraic (affine) bisemi- 
variety G(^"^(F^ x F^) , acts by conjugation on the bilinear parabohc subsemigroup 
p(2n) (^p_^ ^ ^ g^pjj ^ ^g^y ^YioX, the number of conjugates of P^^") (F^i x F^i ) in the 
conjugacy class representative ^(^"^(F^.^. x F^.^^,) = e G^^n)^^, ^ i?;) 
is the index 

G^^-n^..., X F._p : P^'-\F,. X = J 
of the normalizer P(2n)(^_, x F^i) in x . 

2) Let Out(G(2«)(F^ x = Aut(G(2'^)(F^ x F^))/ Int(G(2")(F^ x F^)) be the bisemi- 
group [Pie4] of transcendental automorphisms of the complete bilinear semigroup 
(^(2n)('^_ X F^'j where Int(G*^^"^(F^ x F„)) is the bisemigroup of transcendental inner 
automorphisms . 

As, we have that: 

Int(G('")(F^ X F„)) = Aut(p(2")(F^i x F„i)) 

and considering 1), it appears that P(2")(F^i X Fyi) is the unitary representation 
bisemispace with respect to the abstract bisemivariety G^'^'^\Fy x Fy) . ■ 
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1.7 Corollary 

The rank of the bilinear parabolic semigroup P(2")(F^i X F„i) restricted to the j -th con- 
jugacy class is 

'^pC^njCF^ixF - K- • X{D) {mj ■ A^)" 
and the rank of the conjugacy class representative G^^") (Fy. . x Fy. ) is 

where Xjy is the notation for a diagonal product [Pie4j. 

Proof: As the bilinear parabolic semigroup P^'^'^^F^i x F^i) restricted to the j-th con- 
jugacy class is the 2n -dimensional representation space of the product, right by left, of 
inertia subgroups 

/^^. X I^^^ = [Gal(F^^./fc) X Gal(F,^./fc)] / [Gal{Fi^^^ / k) x GaliF^f/k)] 
according to [Pie2] and as the order of Ip^, or Ip^, is N , we have that 

'^p(2")(F^ixF i) = K- • xp) K- • NT 

if it is taken into account that " rrij " real equivalent conjugacy class representatives gi^^^ [j] 
of dimension "n" cover one complex conjugacy class representative guR^LiJ) [Pie5] of 
dimension 2n : 

It is then immediate to see that the rank of G'^'^'^\Fy.^, x F^.^) = gR^\\j,'mj] is 



1.8 Corollary 

1 ) The number of transcendental quanta of the bilinear parabolic semigroup p(^") (F^i x 

n(p(2")(F^i X = I" X(,,) I" {m,T X(zp) {m,Y . 

2) The number of transcendental quanta of the conjugacy class representative 

G^'-\F,^^^^ X Fy^^^^ ) is 
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Proof: This results from corollary 1.7 by taking into account that the degree of a tran- 
scendental quantum is . According to section 1.5, we thus have a bisemilattice of 

S(j X rrij)^ transcendental biquanta. ■ 
j 

1.9 Covering of complex abstract bisemivarieties by real abstract 
bisemivarieties 

Let Mi;^''' (g) Mi,^"^ denote a complex GL„(FnjX F^^) -bisemimodule being the representation 
space of the complete bilinear semigroup of matrices GL„(Fjj x F^) of the product {Fjj x 
Fi^) , right by left, of complex transcendental extensions covered by their real equivalents 
{Fy X Fy) as developed in [Pie2]. 

If each conjugacy class representative G^'^''\F^.xF^.) of G^^'^^FjjX F^) = Mi,^^"^®M£"^ is 
unique in this j-ih class, then G'-^"-* (F^^ x F^.) is covered by rrij real equivalent conjugacy 
class representatives ^("^(F^^ ,^. x F^^^^^ ) of G(")(F^ x F^) [Pie2]. 

So, the complex bipoints of G^^'^^Fu X F^) are in one-to-one correspondence 
with the real bipoints of X F^) and we have the inclusion: 

G(-)(F^XF„) ^ u,H ^ u,^ 

of the real abstract bisemivariety M^^^ <S) Ai^^") into the complex abstract 
bisemivariety M^^^ (g) M^^n) 

1.10 Corner stone of the global program of Langlands 

The real abstract bisemivariety M^^"^ M^^"^ = G^'^"'^ (F^ x F„) , being the representation 
space of the bilinear algebraic semigroup GL2n{Fy x Fy) of matrices, constitutes the 2n- 
dimension representation space of the product, right by left, Gal(F^/A;) x Gal(Fy//c) of 
Galois semigroups according to section 1.5. So, we get the isomorphism GL(Mi^"^ (g) 
MT^) ^ GL2„(F^ X F„) . 

So, G^^")(F^ X Fy) constitutes the corner stone of the real global correspondence of 
Langlands recalled in [Pie5] since, by an isomormosphism of toroidal compactification, 
(^(2n)^^_ X J jg transformed into the cuspidal representation n(GL2n(-FV X Fy)) 
of the algebraic bilinear semigroup of matrices GL2n(-FV X F^) . 

1.11 Reducible representations of GL2niFy x F^) 

We have envisaged until now that the representation of the general bilinear semigroup 
GL2„(F^7 X F„) was irreducible. But, in consideration of the future developments of this 
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paper, it is useful to take into account its reducibility. 

Let 2n = 2i+22+- ■ •+2^+- • -+2^ be a partition of 2n labeling the reducible representation 
of T2„(F,) (resp. TjjF^)). 
Then, we have that: 

1) the representation Rep(GL2Ti(-FV X Fv)) of the general bilineeir semigroup 
GL2n(Fy X F^) = T*^(-FV) X T*^(F^) is orthogonally completely reducible 

if it decomposes diagonally according to the direct sum of 2 -dimensional irreducible 
representations Rep(GL2j.(F^ x F^)) : 

2n 

Rep(GL2„(F^ X F^)) = ffl Rep(GL2,(F^ x F^)) 

2fc=2 

and it is nonorthogonally completely reducible if it decomposes diagonally 
according to the direct sum of irreducible 2 -dimensional bilinear representations 
Rep(GL2j,(F^ X F^)) and offdiagonally according to the direct sum of irreducible 
mixed bihnear representations Rep(T2*^(F^) x T2^{Fy)) . 

Indeed, taking into account the existence of cross products in the definition of bilinear 
semigroups [Pie4], we have that the representation of GL2n(-PV x F^) can be reduced to: 

(2n 2n \ 

ffl Rep(Ti(F^)) ffl Rep(T2,(F„)) 
2fc=2 " 2(=2 J 

2n 2n 

= ffl Rep(GL2,(F^ X F,)) m Repin^iF^)) x r2,(F,)) 

2n 

If the mixed bilinear representations ffl Rep(T2 (F^^)) x T2.(Fi,) are equal to , then the 

2k^2e 

above completely reducible nonorthogonal representation of GL2„(F^ x Fy) reduces to the 
orthogonal case. 
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2 Universal dynamical structures of the global 
program of Langlands 



2.1 Dynamical functional representation spaces of abstract bi- 
semivarieties 

In order to generate dynamical GL(2n) -bisemistructures [Pie3] referring to the geometric 
program of Langlands, we have to take into account the differentiable functional represen- 
tation space FREPSP(GL2n(i^- X F^)) of the complete bilinear semigroup GL2n(-F- x F^,) , 
i.e. a bisemisheaf M^^'^^ JVf (2") of differentiable bifunctions on the abstract 
bisemivciriety G^'^'^\FyX F^) which is given by the product, right by left, of a right sem- 
isheaf Mi^"^ of differentiable (co)functions on the abstract right semivariety = 
j-Csn) (^p_^ \yy semlsheaf mJ^"^ of symmetric differentiable functions on the abstract 

left semivariety G^'^'^\F^) = r(2«)(F„) . 

This functional representation space FREPSP(GL2n(-PV x Fy)) of bilinear geometric di- 
mension 2n splits into: 

FREPSP(GL2„(F^ X F,)) = FREPSP(GL2ik(F^ x F„)) FREPSP(GL2n-2fe(F^ x 

in such a way that FREPSP(GL2fe(F- x F^)) , A; < n, be the functional representation 
space of bilinear geometric dimension 2k of the bilinear semigroup GL2fc(F^xFy) on which 
acts the elliptic bioperator D"^ (g) D'^'' , i.e. the product of a right linear differential 
elliptic operator Dj^ acting on 2k variables by its left equivalent Df' , by its biaction: 

® Dl^ : FREPSP(GL2n(F^ x F^)) FREPSP(GL2„[2fe](F^ x M) x (F„ x IR)) 

where FREPSP(GL2„[2fc](-Pir x Mi) x [F^ x IR)) is the functional representation space of 
GL2n(Ft7 X Fy) fibered or shifted into "2A:" bilinear geometric dimensions. 
F^*^' = {F^ X IR) (resp. F^^ = (F^ x IR) ) denotes the set of increasing left (resp. right) 
transcendental extensions (or archimedean completions) fibered or shifted by real numbers 

F, X iR = {F„^« , . . . , F^%^ , . . . , F^%^ } 
(resp. F^xIR= {F#«, . . . , F,%^ , . . . , F,%^ } ) 

from their unshifted equivalents, i.e. fibre bundles with vertical fibres IR and basis Fy 
(resp. Ftj). 

Remark that the shifted transcendental extension F^^ (resp. F^.^ ) is composed of j 
left (resp. right) fibered or shifted transcendental quanta. 
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2.2 Bilinear fibre of tangent bibundle 

According to chapter 3 of [Pie3], the shifted functional representation space 
FREPSP(GL2n[2fc](F^ X R)x (F„ x R)) decomposes into: 

FREPSP(GL2n[2fe](Fi7 xR)x (F„ x R)) 

= FREPSP(GL2fe(F^ xR)x{F^xR))® FREPSP(GL2n-2fe(F^ x F^)) 

in such a way that FREPSP(GL2fc(-F^7X iR) x {F^ x R)) is the total bisemispace (A^*" x 
Al^) of the tangent bibundle TAN(m£"^ ® MT^) to the bisemisheaf 
(Mi^"^ (g) MT^) = FREPSP(GL2fc(Fw X and is isomorphic to the adjoint (functional) 
representation space of GL2k{FvX F^) corresponding to the action of the bioperator (-D|f x 
Df) on (Mi^"^®Mif^) which maps TAN(Mi^"^®Mif ^) ~ Ad(F) REPSP(GL2fc(F^xF^) 
into itself. 
We have thus that: 

X Af ~ Ad(F) REPSP(GL2fe(F^ x F^) 

~ (F)REPSP(GL2fe(F^ xR)x(F^xR)) , 

where (F)REPSP(GL2jk(iRxiR)) is the bilinear fibre J^j?xl(TAN) of TAN(M£''^0Mif ^) . 

2.3 Symbol of the bioperator {Dj^ x Df^) 

Referring to the classical definition [A-S] of the symbol cr{D) of a differential linear op- 
erator D deahng with the unit sphere bundles in the cotangent vector bundle T*{X) 
of the compact smooth manifold X , we introduce the symbol cr{Dj^ X D^) of the 
differential bioperator (Dj^ x D^'') by: 

a{Dl' X Df) ~ REPSP(P2fe(iR x iR)|F,,xF J) , 

i.e. the unitary functional representation space of GL2fc((iR x R)\F:^^Fy) given by the 
functional representation space of the fibering or shifting bilinecir pcirabolic 
semigroup P^ki^R X R)\f_ixf^i) ■ 

So, the differential bioperator Dj^ x Df maps from the bisemisheaf 

(Mif ) O Mif )) = FREPSP(GL2n(F^ x F„)) 
into the corresponding perverse bisemisheaf 

(M(f )[2A;] ® M(f )[2A;]) = FREPSP(GL2„[2fc](F^ x iR) x (F, x R)) , 
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shifted in 2k geometric dimensions, according to: 

L>|f X Df : (M^f ) ® M^f )) {Mj,f\2k] ® M^f ^[2^;]) , 

while cr{Dj^ x Dl^) maps the "unitary" bisemisheaf 

(M;?") ® m(^)) = FREPSP(P2n(i^^i X 

= FREPSP(GL2„(F^i X F^i)) 

into the corresponding "unitary" perverse bisemisheaf 

(M;J"^[2A;] ® M^J^\2k]) = FREPSP(P2n[2fc](i^^i x iR) x x R)) 

= FREPSP(GL2„[2fci(F^i X iR) X x iS)) 

according to: 



2.4 Proposition 

i. The bilinear semigroup of matrices GL,.(iR''^'^'-' x iR*-^'^-*) algebraic orders 



referring to the biaction of the bioperator (-Dff x Df') on the real bisemisheaf 
{M-i'^^ (8) Mi^""*) over the abstract real bisemivariety G^'^^^Fjj x F^) = 
REPSP(GL2fc(-Fir X Fy) , corresponds to the 2k -dimensional bilinear real representa- 
tion of the product, right by left, of "differential" Galois (or global Weil) semigroups 
Autk{(/)R{IR)) X Autyfc(0L(iR)) fibering or "shifting" the product, right by left, of au- 
tomorphism semigroups Aut k{(/)R{Fjj)) x Autfc(0L(F^)) of cofunctions (I)r{Fjj) and 
functions (pL^F-u) respectively on the compact transcendental real extensions Fy and 
F, by Autfc(0«(F^ xIR))x Autfc(0L(F. x IR)) . 

So we have that: 

Rep(''=)(Autfc(<^«(iR)) X Antk{4>Lm)) = GUiM^^^''^) x M^''^)) ■ 



2. The unitary parabolic bilinear semigroup Pr{R^^''^ x IR^^''^) C GL^(iR(^*^) x IR^^''^) , 
referring to the biaction of the bioperator on the unitary bisemisheaf (M^i"^ ^M^?"^) 
over the unitary abstract bisemivariety P'^'^^\F^i x F„i) = REPSP(P2fe(P^i x F^i)) , 
corresponds to the 2k -dimensional bilinear representation of the product, right by left, 
of "differential" inertia Galois (or global Weil) semigroups Int k{(l)R{IR)) x 
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Intfc(0i(i??)) fibering or shifting the product, right by left, of internal automorphism 
semigroups Intfe(0i?(F^i)) x Intfc((/)/^(F^i)) of cofunctions and functions 

4'l{Fv^) respectively on the unitary compact transcendental real extensions F^i and 
Fyi by IntkiMFv^ x IR)) x Intfc(0L(F,i x IR)) . 

So we have that: 
Proof: 

1. The abstract bisemivariety X F„) = M^f^ (g) M^^fc)^ decomposes 
according to the increasing filtration of its conjugacy class representatives: 

G^''\F^, X F,J c • • • C G^''\F^^^^^ X F,^.,^^.) c • • • C G^''\F,^^^^ x 

= Mif ® Mif ) C • • • C Mi''^ ® Mi^^) • • . C Mi^') ® Mi^^) , 

1 < j < r < CX3 

in one-to-one correspondence with the filtration of the product (F^ x Fy) of sets of 
archimedean transcendental extensions (see section 1.2). 

Similarly, the unitary abstract bisemivariety P^'^^\F^i x F^i) = ® M^j^^) , 

which is a bilinear parabolic subsemigroup, decomposes according to the increasing 
set of its representatives: 

P(^'=)(F,J X C • • • C P^''\F,.^^^ X F„.^p C • • • C P^''\F^.^^^ X Fy. J 

= ikdf ^ ® M^?''^ C • • • C Mif ^ ® M^f ^ • • • C Mif ^ ® M^?''^ , 

in one-to-one correspondence with the filtration of the product (F^i x F^i) of sets 
of unitary transcendental extensions. 

2. Referring to the "infinite" general bilinear semigroup given by GL(F^ x F^) — 
\jj^GLm{Fy X Fy) in such a way that GLm(Fy x Fy) embeds in GL„+i(F^7 x F„) 
according to the geometric dimension "m", it is possible to introduce as in 
[Pie5] an "infinite quantum" general bilineeir semigroup by 

GL(Q)(Fi?'=) X f(?")) = lim GLf ) x fT^) 
in such a way that: 
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(a) GL^'^''(F_^i'^'* X F,^i^^) is the parabolic, i.e. unitary, bilinear semigroup 
GL2fe(F^i X F^i) = P2k{F^^ X . 

(b) GLf ) X F^) = GU,{F^^ X F.J ^ {F^f x F.f )) . 

(c) GLf ^(F^i''^ X fJi*^^) C Gl5.55(F^i*^^ x fJi''^) where the integer "j" denotes a 
global residue degree, i.e. an algebraic dimension, while the integer "2k" refers 
to a geometric dimension. 

It was then proved in [Pie5] that the "infinite quantum" general bilinear semigroup 
qlCO^^^J^^/c) ^ p{2k)-^ ^ defined with respect to the unitary parabolic bilinear semigroup 



QL(<3)^^_(2fc) ^ F^'^^) = P2k{Fyi X Fyi) , is the general bilinear semigroup GL2fc(F^ 



X 



F, 



So, the set {G^^'^^(-F^^ ^ X F^j ^n. )}j,mj of conjugacy class representatives of 
the bisemivariety G^'^''\F^ X F^) , generated from the bilinear semigroup of ma- 
trices GL2fc(-FirX F^) , can be rewritten according to the set {G^g^^^(i^^?'^^ X 

of increasing conjugacy class representatives of the bisemivariety 
^(jx.)^^^4 ^ p(2k)^ ^ G^^'\F^ X F,) generated from GL('3)(F^f ) x . 

And, thus, the filtration 

G%iFl''^ X )) c • • • C GjJ7^)(F(f ) X Ff )) c • • • C G^;^^\fP x F^) 

of conjugacy class representatives of G^^'^^(F^ x F^) is now written with reference to 
the increasing algebraic dimensions of the bilinear subsemigroups of matrices: 

X Ff )) c • • • C GLfi(F(-) X F„f c • • • C GL^g^lF^,^^) x F^ )) . 



3. Referring to section 2.3, we see that the set {0(G^^'^)(F^. , x F^. rn of conju- 

gacy class representatives, or bisections, of the bisemisheaf (Af^^*'^ (g) TVf^^*')) = 
FREPSP(GL2fe(F^ X F^)) , which can be rewritten according to {(I){G^^"''\f^'^,''^ 
X F^f with respect to GL(^)(F^i^^ x F^f ^) , are fibered or shifted, as 

tangent bibundles, under the action of the bioperator {D^ (g) D^'") into: 

Df (g) Df : ) (8) Mif )) (M^f ^[2A;] M^f ^[2^;]) 



{HG^^^\fS'' X Ff )))},,.^ 
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Similarly, the set {(f)(P^'^^\Fjji x F^i ))}j,m of bisections of the unitary bisem- 

isheaf {M^^^^^ ®M^J''^ ) = FREPSP(P2fe(-^ui x F„i)) , which can be rewritten according 

to {0(P^Q™^'*(F_|i''^ X -F|i^'*))}j,mj are fibered or shifted under the action of the biop- 
erator {Dj^ (g) Df') into: 

Dl' ® : (MfJ^) MfJ")) {M^J^\2k] ® M^f ^[2^]) 



4. Let the geometric dimension 2k be equal to 2k = 1 . The tower of shifted real 
transcendental biextensions is: 

(F^, X iR) X (F„, X iR) c • • • C (F^. ^ . xIR)x (F„. ^ . x iR) 

C---C(F^,,_ xiR)x(F,_^ xiR), 

i.e. a tower of (real) shifted transcendental biquanta by vertical bifibres ( iR x IR). 

They are the conjugacy class representatives generated under the action of represen- 
tatives of GLi(F^ X IR) X {Fy X IR) and they can be rewritten as the filtration 

G%{{F^i X iR) X (F^i X iR) c • • • C G^^'\{F-,i x iR) x x iR) 

C • • • C G'j2^'-\(F^i X iR) X X iR)) 

of the representatives of the bilinear subsemigroups of the (infinite) quantum general 
bilinear semigroup GL('^)((F^i X iR) X (F^i X iR)). 

The bilinear semigroup of automorphisms of these fibered or shifted tran- 
scendental extensions is: 

Autfc(F^ X iR) X Autfe(F^ x iR) = {. . . , Autfe(F^. . x iR) x Autjfc(K x iR), . . . } . 
So 

[Autfc(F^ X iR) X Autfe(F^ x iR)]/[Autfc(F^) x Autfe(F^) = Autfc(iR)|i.^ x Autfc(iR)|F, 

corresponds to the bilinear semigroup of fibcring or shifting automorphisms. 

The functional representatives of GL^*^^((F^i x iR) x (F^i x iR)) , or equivalently of 
GLi(F^ X iR) X {Fy X iR) , are 

F ^^^((F^i X iR) X (F^i X iR)) c • • • C F G'jj^^'^((F^i x iR) x (F„i x iR)) , 
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i.e. bifunctions on the birepresentatives ((F^i x IR) x (F„i x IR))}j^rnj ■ 

And, thus, 

Autfc(0i?(iR)) X Autfe(0L(iR)) = {. . .,Autk{(j)j,mj{IR)) x Autfc(0,-^.(iR)), . . . },-^. , 

where (f)j^m.{IR) is the (j, mj)-th function over IR acting on the function 
^i,mj{Fvj^rrx.j) '^"^^^ transcendental extension F^.^^, or over the conjugacy class 
representative of GLi(F„^.^^.) . 

So, Autfc(0K(^)) X Autfc(</>L(i7?)) is the bilineair differential Galois semi- 
group where Autfe(0jt(iR)) is the set of linesir differential Galois (semi)- 
subgroups [Ccir], [And], acting on the set of sections of the considered 
1I> -differential equation and Autfe(</)j^(iR)) is the set of lineEir differential 
Galois (semi)subgroups acting on the symmetric set of sections. 

Referring to the fundamental theorem of Galois theory, wc sec that the bilinear 
differential Galois semigroup Autfe(0ji(iR)) x Autfc(0i(iR)) corresponds 
to the upper bilineeir differential Galois semigroup kuik{4> R{IR))\Fy^^ x 
AvXk{(pL{IR'))\t\.^^ with respect to the upper algebraic dimension "r". 

Similarly, the bilinear semigroup of unitary, i.e. internal, shifting automorphisms: 

lntk{IR)\F^, X lntk{IR)iF^, = [Intik(F^i x R) x Intfc(F^i x iR)]/[Intfc(F^i) x Intfe(F„i) 

has for differential Galois bilinear semigroup lntk{'ipR{IR)) x lntk{ipL{Si)) where 
Intfc(^/?i(iR)) is the unitary linear differential Galois (semi)group, i.e. the 
inertia linear differential (semi)group, acting on a "unitary section" of the en- 
visaged IZ) -differential equation, and Intfc(?/?ii(iR)) is the inertia linear 
differential (semi)group acting on the symmetric section. 

5. If the geometric dimension is 2k , then we have a tower of fibered or shifted real 
conjugacy class representatives 

G^''\{F^, xR)x (F,, X iR)) c • • • C x iR) x (F„^.,^^. x R)) c . . . 

generated under the (bi) action of GL2A;(-PV x Fy) or, equivalently, a tower of class 
representatives 

G« X R^"'^) X (Ff ) X R("^yj) 

C • • • C G|J7^'^((F^f ) X R^''^) X (F^f ) X R^''^)) c . . . 
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of the fibcred or shifted bisemivariety ^[^''^((F.jf ^ x iR^^^^) x (F^f ^ x IR'-^''^)) gen- 
erated from GL(«)((F^f ) x iR^^fe)) ^ (Ff ^ x iR^^^))) . 

Referring to 4), we see that the 2/c -dimensional representation of (Autfc(0i?(F^ x 
m)) X Autfc((/)i(F^ X R))) given by Rep('^)(Autfc((/)fl(F^ x R)) x Autik((/)L(F„ x iR))) 
decomposes into: 

Rep^^''\Autk{MFv xR))x Ant k{MFv x iR))) 

= Rep(''=)(Autfc(0i^(F^)) X Autfe(0L(F.))) 

X Rep('*^)(Autfe(0ij(iR)) X Autik(0L(iR))) 

which generates (and is isomorphic to) the fibered or shifted bisemivariety G^'^^^FjjX 
R) X (F„ X iR) , rewritten according to G'j2"^((^ii''^ x ^^^^■^) x (fJP ^ x iR^^'^^) . 

Rep*-^'^^(Autfc(0ij(iR)) X Autfc(0i(iR))) is thus the 2 A: -dimensional representation 
of the differential bilinear Galois semigroup (Autfc(0^(iR)) x Autjfc(0L(iR))) and is 
isomorphic to the shifting bisemivariety G^'^^\(t)R{R)x4)L{R)) or GfQs^''\(t)R{R^'^^^)x 

So, we have a tower of 2 fc -dimensional representations of the differential 
bilineair Galois subsemigroups 

Rep(2'=)(Autfc(0^(iR)l^,J X Autfc(0i(iR)|p„J) 

C • • • C Rep(2^)(Aut,(0«(iR)|^.^.) X Autfe(04iR)|^„.^.)) 

C • • • C Rep(2^)(Autfe(0«(iR)|^,^^J X Aut,(04iR)|^,^,„J) 
which are respectively in one-to-one correspondence with the bilinear semigroups: 

GLi(0^(iR(2'=)) X 0L(iR(2'=))) = GUk{<t>R{m X Mm\F.,xF., 

C • • • C GL,(0fl(iR(2'=)) X 0L(iR(2'=))) = GUkiMJR) X xf.. 

So, we get the thesis by considering the upper algebraic dimension " r " : 

Rep^'"'\Autk{MlR)\Fj X Autfe(</.4iR)|^„J) = GLriMlR^'"^) x M^R^'"'^)) 
where 0ij(iR^^''^) ~ iR^^*^^ and ^^(iR^^*^^) ~ iR^^*^^ are generally constant functions. 
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The unitary case referring to the 2 /c -dimensional representation of the bihnear inertia 
semigroup Intfc(0ij(iR)) x Intfc(0L(iR)) can be reached similarly, i.e. 

Rep(2^)(Intfe(0R(iR)|f^J x Intfc(0i(iR)|p^J) 
2.5 Corollary 

The complex bilinear representation of differential Galois (semi) groups can be found simi- 
larly as it was done for the real case. 

Let = {F^„...,F^.^,,...,F^^^^J (resp. F^ ^ {F^^, . . . , F^.^,, . . . , F^^^^J ) be the 
set of complex transcendental extensions (or infinite complex archimedean completions) 
covered by its real equivalent F„ (resp. Fy ). 

Then, the complex bilineEir semigroup of matrices GLr{€^ x , of algebraic or- 
der "r ", referring to the action of the bioperator {Dj^ (E) Dj^) on the complex bisemisheaf 
(M^^^^Ml^f^) on the abstract complex bisemivanety G^'^^\F^xF^) = REPSP(GLfc(Fz:rX 
Fjj)) , corresponds to the fc -dimensional complex bilinear representation of the 
product, right by left, of "differential" Galois (or global Weil) semigroups 
(Autfc(t/?ii((£')) X Autfc(V'z,(<C))) shifting the product, right by left, of automor- 
phism semigroups (Autkiil^RiFzj)) X Auth{jpL{F^))) of cofunctions iI}r{Fj^) and 
^l{F^) by {AMtk{^l^R{F^ X €)) X Antk{i^L{F^) X (D)) . 
So, we have that: 

Ghr{ct>R{<D^) X ct>L{<D^)) = Rep(2'=)(Autfe(V'ii((r)|p^^ x kulk{M<[^)\F^J)) ■ 
And, in the unitary case, we have: 

Pr{M(^') X M(^')) = Rep(''')(Intfe(^«((?7)|^_J x lntk{M(^)\F , )) 

where: 

• Pr{. . .) is the bilinear parabolic sub semigroup, ■ 

• Rep^^'^^(. . . ) is the k -dimensional complex representation of (■■■)• 
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2.6 Corollary 

Let Or{IR) denote the orthogonal group of algebraic order r with entries in the reals IR 
and let Ur{€) denote the unitary group of algebraic order r in the complexes € . 
Then, the orthogonal bilinear semigroup Or{IR^'^^^ x M^'^^^) corresponds to the real parabolic 
bilinear semigroup Pr{IR^'^^^ x IRP''^^) and the unitary bilinear semigroup Ur{^^ x 
corresponds to the complex parabolic bilinear semigroup Pr{(D'' x (T'^) . 

Proof: This results from the definition of a bihnear semigroup recalled in section 1.5 and 
from proposition 2.4 and corollary 2.5. 
We have more particularly that: 

X = Rep(2'=)(Int,(0fl(iR))|f^^ x Int,(0i(iR))|F^J 

and that 

Ur{€' X €') = Rep(2*^)(Intfe(V'ii((C))|f^, x lntkiM<^))\F^,) ■ 

2.7 Corollary 

In the one- dimensional geometric case, i.e. when 2k — 1 , we have that 

1) the orthogonal bilinecir semigroup of algebraic order r 

Or(iR X m) = Prim X m) 

corresponds to the product, right by left, of differential inertia Galois 
semigroups {Intk{(f)ii{IR))\F-i X Intfe(<^i(iR))|iri) shifting the product, right by 

left, 

(Intfc(0R(F^i)) x lntk{4>L{Fvl))) of internal automorphism semigroups of cofunctions 
and functions respectively on the unitary transcendental lower and 

upper real extensions Fyi and F„i . 

2) the unitEiry bilineeir semigroup of algebraic order r 

Ur{(B X (Z7) = Pr{(D X (D) 

corresponds to the product, right by left, of differential inertia Galois 
semigroups (Intfe(t/jje((r))|F_i X Intfe(i/?L((E'))|F^j^) shifting the product, right by 
left, (Intfe('0fl(F;;ji)) X Intfe('0L(Fjji))) of internal automorphism semigroups of co- 
functions iPr{Fjjji) and functions %1)l{F^i) respectively on the unitary complex tran- 
scendental upper extensions F^i and F^i . 
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Proof: 



1) (Intfe(0ij(F^i)) X Intjfc(0L(Fi,i))) corresponds to the bilinear semigroup of internal au- 
tomorphisms of bifunctions on "unitary" biquanta in a bisection x (pi^F^i) 
at "r" biquanta (F^^ x F^^) while (Intfc(0i?(F^i x IR)) x Intfc(0L(F„i x R))) cor- 
responds to the bilinear semigroup of shifted internal automorphisms (under the 
action of a bioperator {Dr ® Di) ) of bifunctions on shifted "unitary" biquanta 
((F^i X iR) X (F^i X m)) in a bisection 0i?(F^^ x iR) x (/>l(-F;, x iR) at "r" shifted 
biquanta (F^^ x IR) x (F„^ x iR) . 

2) The complex unitary case referring to Ur{(D x dJ) can be handled similarly as the 
real unitary case referring to Or{IR x IR) by taking into account that a complex 
bisection '^r{Ftjj^)xiI)l{F^,) is covered by real bisections {0ii(-Fi7,,^J x 0L(-^«.,^J}m. 
as developed in section 1.9. ■ 



2.8 Bilinear Hilbert semispaces and Von Neumann bisemi- 
algebras 

Let (Mi^"-* (g) Mi^"^ ) be the bisemisheaf of differentiable bifunctions on the abstract bisemi- 
variety G^^") (F^ x F„) . 
The set 

of differentiable bifunctions, i.e. bisections of (mJ^"^ (8) M^l""^) , 

forms an increasing filtration with respect to the algebraic dimension "j": 



oo 



on the corresponding filtration of conjugacy class representatives of the abstract bisemiva- 
riety G^^^'^F^ x F^) : 

gilt [1] C • • • C \j, m,] C • • • C [r, m.] . 



This bisemisheaf (Mi^"^(g)Mi^"'*) is transformed into an extended internal left bilineeir 
Hilbert semispace H't^^^n) -~(2n) by taking into account 



1) a map [Pie6]: 
where: 



34 



• PL is a projective linear map projecting the right semisheaf Mi^""* onto the left 
semisheaf Afi^"^ ; 

• Bl is a bijcctivc linear isometric map from the projected right semisheaf 
My^"pj^ to m!^j^^ mapping each covariant element of Mi^^p^^ into a contravari- 
ant element. 

2) an internal bilinear form defined from H~t^^2n) —(2^) into € for every bisection 

by: 



This bilinear Hilbert semispace H\^,r,. , noted in condensed form Ht^,r,. , is a 

natural representation (bisemi)space for the bialgebra of elliptic bioperators {D"^^ ® Df^) 
as noticed in [Pie6]. 

A bisemialgebra of von Neumann M jexi(i/i(2„) ) in i3'i(2„) is an involutive 
subbisemialgebra of the bisemialgebra (£^(8)£f )(ifi(2„) ) of bounded bioperators having 
a closed norm topology 



Due to the structure of the bisemisheaf (Mi^"^ (g) Afi^"^) , the bilinear Hilbert semispace 
Ht^,.,. is "solvable" in the sense that we have a tower of embedded bilinear Hilbert 



, ?(2n) 



subsemispaces 



ny^, (1) C • • • C i/±,,„, (j) C • • • C Hy^, (r) 

^^^■"RXL ^^^-"RXL ^^^-"RXL 



where is given by the set {(f)) ' {gi,^J [j, mj])®(j))' {gl^ [j, mj])}^- of bisections. 

But, we can also construct a tower of direct sums of embedded extended bilinear Hilbert 
subsemispaces: 

{1} C • • • C {i} C • • • C {r} 

-'^^"flxi ■'""HxL -'""flxi 

where -f^i(2„) {j} is defined by: 



■"RXL 
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2.9 Random bioperators 

Let [Dj^iSjD]^) be the differential (elliptic) bioperator acting on the set {^(^(^"^(F^j^.^^. x 
Fvj,mj))}j,mj (also written {(l)f^^.(gi^RL\j,mj])}j^mj ) of differentiable bifunctions or bisec- 
tions of the bisemisheaf (Mj^ (g) M^") according to: 



(g) Df : (M^f ) ® M^f)) ^ (M^f )[2A;] M^f ^[2A;]) 



'[2fe] 

where (G^^^^{{Fy.^^, xR)x {F^.^^, xIR))) is the bifunction on the (j, rrij) -th conjugacy 

'[2k] 



class representative G'[|^?((F^^^ x M) x {F^.,^, x IR)) fibered or shifted in 2k bihnear 



geometric dimensions. 

The bioperator (Dj^ (g) Dl'') is a random bioperator in the sense that, for every bifunction 

belonging to the bilinear Hilbert semispace Ht^^^n) the bilinear form 

{Df{<j^j,m, (G[J/ (F.„.^ ))), (/^f (G[S/ (i^.,,.^ ))))) 

is measurable. 

The random bioperator {Dj^ (g) Df^) acting on Ht^^n) is a set {{Dj^{j,mj) (g) 
D'L^{j,'mj))}j^mj of bioperators acting on the bisemisheaf Mi^"^^ . 



2.10 Towers of embedded von Neumann subbisemialgebras 

Referring to the tower of embedded bilinear Hilbert subscmispaccs associated with the 
bisemisheaf Mi^"^^ and to the definition of a bisemialgebra of von Neumann 
Mi^xL(-f^i(2n) ) given in section 2.8, it appears that there exists a tower of embed- 
ded von Neumann subbisemialgebrais: 

M^xL(i^l(.„) (l))c---CM^xL(i/l(.„) (j))C---cMKxL(i/t(.„) (r)) 

^^^^RxL ^^^^RxL ^^^^RXL 

according to the algebraic dimensions 1 < j < r , as well as a tower of sums of embed- 
ded von Neumann subbisemialgebras: 

M^xL(ifl(.„) {l})c---cM^,ai/+ {j}) C--- CM n.L{H+ W) 

'^^^RXL ^^^■"RXL '^'^RXL 
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where 



.Rxl{H+ {j})= (BMRy,L{H+ (i/)). 



The bisemisheaf (Mj^ (g) Mj") gives rise to the extended internal left bilinear Hilbert 
semispace i^i — , according to section 2.8. 



Similarly, the diagonal bisemisheaf (M^^®£)M^") , whose bisections are diagonal bisections 



characterized by a diagonal bilinear basis (the ofFdiagonal bilinear basis elements being null) 
[PieGl, gives rise to the diagonal internal left bilinear Hilbert semispace Hi^,, — , 
by taking into account a (Bl op^) map and the existence of an internal diagonal bilinear 
form, i.e. a scalar product, as in section 2.8. 



2.11 Proposition 

Let MijxL(-f^i-(2n) ) ^6 the bisemialgebra of von Neumann on the extended internal left 



bilinear Hilbert semispace i^i - 



and let Mpxif^i-o — o ) be the von Neumann 



bisemialgebra on the diagonal internal left bilinear Hilbert semispace T-i 



Then, the discrete spectrum Yl(D'^ (g) D^'') of the bioperator {D"^ (g) D'^'') is 
obtained by the composition of morphisms; 



■"RXL 



where ^{ilSxi given by: 



yJjRxi 



■fiX-f'(-^jr?(2n) 
'^^■"RXL 



) 



■Rxl{H^^2^^ {j}) 



M 



{j}) 



is t/ie increasing tower, over the running algebraic index 



"j ", of sums of von Neumann subbisemialgebras: 
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over respectively the tower: 



^%[2fe]«'i3^%[2fc] 



of sums of diagonal internal left bilinear Hilbert subsemispaces 



n) 0)) - .® (^^5r?(2n) ^„S7(2n) ,('^)) 



shifted in {2k) bilinear geometric dimensions. 
Proof: The morphism 



■RxL{Htj^2n) {j}) 



is in fact implicit depending on the decomposition of the bisemisheaf (M, 



-(2n) 



-(2n)^ 



into bisections on the conjugacy class representatives {5'i>fl" ^[i, "n^jljj^mj of the abstract 
bisemi variety G^'^"'\Eu x F^) . 



.i?XLV-^(2n) 



{j}) is the subbisemialgebra of von Neumann on the shifted extended 



internal left bilinear Hilbert subsemispace 1-Lt^(2n) {j} ■ 



The morphism 



i'J{Xi[2fc] 



{j}) 



■RxL(^i.(2„) 5.^jg(2n) {j}) 
^^„H[2fc]»-DM^^p^j 



sends each von Neumann subbisemialgebra 



M 



RxL 



'H 



M 



■{2n) 



© 
l/=l 



M«xL(i^l(2„) 



(^)) 



on the shifted extended internal left bilinear Hilbert subsemispace 



HxiPfc] 



onto the corresponding von Neumann diagonal subbisemialgebra 



n) {j}) 



■(2n) 



© . 
l/=l 



on the diagonal internal left bilinear Hilbert subsemispace: 



(2n) 



M 



n) 0'} - © ^^(2n) ^„^C?(2u) {i^} 



shifted in (2A;) bilinear geometric dimensions. 
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2.12 Cuspidal representations of the global program of Lang- 
lands 

The differential bioperator {Dj^ <S> Df') maps the bisemisheaf (Mi^"^ <S> M^^"^) into the 
corresponding perverse bisemisheaf {Mv^j^\2k] <S> MvL^\2k]) according to: 

in such a way that Mi^""* [2 A:] ® Mi^""* [2/c] decomposes into a tower of fibered or shifted 



bisections or bifunctions {(t)j,mj{G^i^}{F^.^^)) x (t)j,mj{G^i^AFy^^^ ))} (see section 2.10). 



On the other hand, referring to the global program of Langlands [Pie2], there is a one-to- 
one correspondence between the bisemisheaf M^^^ M^^^^ over the abstract 
bisemiveiriety X -F„) and its cuspidal counterpcirt (M^^"^ ® Af^r'^^) on the 

toroidal abstract bisemivariety G^'^^\FJ x FJ) over the sets Fj = {-F^, . . . , Fj.^ , . . . , 
FT I and = .... ..... Fj | of toroidal real archimedean completions or 

transcendental extensions. 

The toroidal bisemisheaf has for bisections the bifunctions 

h,n.AG^"'\Fl,J) X <P,,mAG^'''\Fl^)) = (A(2n,j,m,) e"^-^^'-) x (A(2n,j,m,) e^'^^^^) 
where: 

c=l 

2rt 

• X'^{2n,j,mj) = n Xl{2n,j,mj) is a product of eigenbivalues Xl{2n,j,mj) of the 

c=l 

Hecke bioperator {Tji{2n; r) ^ TL{2n; r)) whose representation is GL2„(C^t x C^t) 
referring to section 1.5. 

Let r^(.^„) = {0,.^.(G'(2")(F^^^ J) X 0,.^.(G(2")(F„^^.))},.„. denote the set of increasing 

bisections of the bisemisheaf M*-^"^ M^"^^ . 

Then, a global elliptic {T ) -bisemimodule 0^xl(^) ' referring to the bihomo- 
morphism 

4>RxLi.x) ■ r^(2^„) — V End(r^2^„) ) , 

is given by: 

= S E (A(2n,j,m,) e"^-^'-) x E E (A(2n,j,m,-) 
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in such a way that ^/jxM^) constitutes a real cuspidal representation of bilinear 
geometric dimension 2n , of the product, right by left, of Weil global semi- 
groups Gal(i^^/fc) X Gal(i^„/fc) according to the global program of Langlands. 
Remark that ^^^xlI^) covers the corresponding "complex" cuspidal representation [Pie2]. 

2.13 Proposition 

The global elliptic {T^i^n) ) -bisemimodule 4>r^l{x) is the functional representation 

space FREPSP(GL2n(-Fj x Fj)) of the bilinear semigroup GL2n{Fj x Fj) , over the 
product, right by left, of toroidal real archimedean completions F^ and Fj , under the 
(bi)action of the (bi)monomorphisms: 

a,T X a,T : Autfc(Fj) x Autfe(Fj) G^^^\F^ x FJ) , 

where Autfc(Fj x Aut/c(Fj^)) is the bilinear semigroup of automorphisms of toroidal tran- 
scendental eoctensions associated with a ID -bisemilattice of transcendental biquanta. 
Proof: This results from the bimonomorphism 

a^^ X a^^ : Autfc(F^) x Autifc(F„) G^^''\F^ x F^) 

introduced in section 1.5 and generating the abstract bisemivariety G^'^"'\Fjj x F„) from 
GL2n(-PV X Fy) as well as from the definition of the global elliptic rjg(2«) -bisemimodule 

^rxl(^) given in section 2.12. ■ 

2.14 Proposition 

The shifted global elliptic bisemimodule ELLIPj^xl(2?i[2A;], r) resulting from the action 

(D]^ ® Df) : ELLIPRxL(2n, r) ELLIPRxL(2n[2fc], r) 

of the bioperator (Dj^^Dj^) on the global elliptic rj^(2n) -bisemimodule (pR^ii^), noted 
here ELLIPflxL(2n, r) , and generated under the (bi)monomorphism: 

<^vl®R X <^vl®R ■ Autfe(F^ X iR) X Autfe(Fj x R) 

G'(2'^)((Fj X iR) X (Fj X M)) 

gives rise to the eigenbivalue equation: 

(I3^'=(8)Z>f )(ELLIPHxi:(2n,r)) = E^j,^^^{2n, j){mAA^ i,^i^{2n,r)) , 1 < j < r , 
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where the eigenbivalues £^2fcHxi(^^'-?) shifts in 2k real dimensions of the 
global Hecke bicharacters X(2n, j,mj) associated with the subbisemilattices 

characterized by the global residue degrees j . 

Proof: Similarly as in proposition 2.13, the (bi)map: 

^.g^KXa^T^^: Autfe(Fi^xiR)xAutfe(FjxiR) G^^''\{F^ x IR) x {F^ x M)) , 

where Autfe(Fj ^ IR) x Autjk(Fj (8) IR) is the bilinear semigroup of automorphisms of 
fibered or shifted toroidal transcendental extensions, is responsible for the generation of the 
toroidal abstract fibered or shifted bisemivariety G^'^"'\{F^ x IR) x (Fj x IR)) , referring to 
section 2.1, of which functional representation space is the shifted global elliptic bisemimod- 
ule ELLIPijxL(2n[2A;], r) obtained from the global eUiptic bisemimodule ELLIPflxL(2n, r) 
under the action of the bioperator {Dj^ (8) Df') giving rise to the eigenbivalue equation: 

{Dl' ® )(ELLIP«xL(2n,r)) = Ef,^i2n,j)iELLlFn,L{2n,r)) , V j , l<j<r. 

The functional representation space FREPSP(GL2n(-Fj x M) x {Fj x IR)) of the bilinear 
semigroup of matrices GL2n{{Fj x IR) x (Fj x IR)) responsible for the generation of 
the abstract bisemivariety G'^^{{F^ x IR) x (Fj x M)) is given by the set of embedded 
bisemif unctions : 

0i(G(2„)(^T X ^ UG^^-\Fl X IR)) 

C • • • C ct>,,mAG^'-\Fl^^ X M)) X <P,,mAG^'''\Fl^^ X M)) 

C • • • C X m) X <Pr,mAG^'''KFl^^ X m)) 

introduced in section 5.12. of [Pie3]. 

Each bisemifunction 0j-„^.(G'(2")(FJ^ x IR)) x (j)j^rn,{G^^''\Fl ^ x IR)) is the product, 

right by left, T^^\[2k], {j,mj)) x T^^\[2k], {j,mj)) of a 2n -dimensional real semitorus 
Tj^^^\[2k], {j,mj)) shifted in 2k real dimensions and localized in the lower half space by 
its symmetric equivalent T^"'\[2k], {j,mj)) localized in the upper half space. 
They have for analytic development: 

Ti'''\[2k],(j,mj)) ~ E2kA^n,j,mj)) X(2n,j,mj) e^^^^'^ 

(resp. 4'"^([2A;], (j,m,)) ~ F2fcj2n, j, m,)) A(2n, j,m,) e^^^^'^^ ) 

referring to section 2.12, where E2k{2n, j,mj) is the shift in 2k real dimensions of the 
global Hecke character A(2n, j, mj) being also a product of eigenvalues of the Hecke oper- 
ator as described in section 2.12. 
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On the other hand, referring to proposition 2.11, the toroidal spectral representation of 
{Dj^ (g) Dl^) is given by the set of r -tuples: 

eUipRxL(2ri, 1) C • • • C ellip^^i(2n, j) C • • • C ellipH^i(2n, r) 
where ellipji^i;^{2n, j) is given by 

ellip^,j2n,j) = (A(2n,j,m,) e-^-^'^) x (A(2n,j,m,) e+'^'^n 

and to which corresponds the set of increasing eigenbivalues 

^2fe«,j2n, 1) C • • • C E,,^^^{2n,j) C • • • C E2k,,,{2n,r) 

where £'2fc^^^(2n, j) is the shift in 2k real dimensions of the Hecke bicharacter 
X'^{2k, j,mj) C X'^{2n, j,mj) taking into account that 

2k 2n 

X\2n, j, ruj) = U K{2k, j, rrij) x n A^(2n, j, m,) 

c=l d=2n-2k 

2k 

with A^(2A;, j, mj) = n A^(2A;, j, mj) 

c=l 

and with A {2n — 2k, j,mj) = U X^{2n,j,mj) ■ 

(i=2n— 2fc 
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3 Large random matrices and Riemann zeta function 



3.1 Five questions to find a solution to this problem 

Chapters 1 and 2 have been devoted to the mathematical tools necessary to clarify the con- 
ceptual framework behind the random matrices and, more particularly, the closed numer- 
ical connection between the spacings of the nontrivial zeros of the Riemann zeta function 
and the spacing of the eigenvalues of typical large random matrices. 

It will be shown in this chapter that the symmetry behind the Gaussian unitary 
ensemble (GUE) is the symmetric (bisemi)group of "Galois" automorphisms 
fibered or "shifted" algebraic and transcendental (bi) quanta. 
The constant reference to the global program of Langlands in chapter 1 and to 
the geometric-shifted global program of Langlands, as well as to von Neumann 
(bisemi) algebras, in chapter 2, is thus not fortuitous. 

In order to find a solution to this problem, it will be answered in this chapter to the five 
following questions: 

1) What is behind random matrices leading to GOE (Gaussian orthogonal 
ensemble), as well as GUE (Gaussian unitary ensemble)? 

2) What is behind the peirtition and correlation function(s) between eigen- 
values of random matrices? 

3) What interpretation can we give to the local spacings between the eigen- 
values of large random matrices? 

4) What interpretation can we give to the spacings between the nontrivial 
zeros of C(s) ? 

5) What is the curious connection between 3) and 4)? 

But, first, wc would like to outline that the geometric dimension envisaged in this 
chapter will be one real, and, possibly, one complex, i.e. that n = 1 , in the sense of 
the reducible global program of Langlands developed in [Pie2]. Thus, only curves, covering 
possibly surfaces, will be considered in order to meet the conditions of question 4). 

3.2 The first question "What is behind random matrices leading 
to GOE and GUE?" 

This question reflects the importance of large random matrices in the present development 
of mathematics and of physics. 
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These random matrices lead to the eigenvalue problem in the frame of the geometric shifted 
global program of Langlands, recalled in section 1.11 and in chapter 2, in order to find a 
response to question 3). 

3.3 Bilinear differential Galois semigroup 

The symmetry group behind or at the origin of the bilinear global program of Langlands 
is the bilineeir semigroup of automorphisms Autfe(F^^) X Autfe(F„) (resp. Ga- 
lois automorphisms Gal(F^/fc) X Gal(F„/fc) ) of compact transcendental (resp. 
algebraic) quanta generating a bisemilattice of compact transcendental (resp. 
algebraic) quanta referring to section 1.4. 

Similarly, the symmetry group at the origin of the geometric bilinear global program of 
Langlands is the bilinear semigroup of fibered or shifted automorphisms Autfe(F^ x IR) x 
Autfc(F„ X IR) of compact transcendental quanta generating a bisemilattice of compact 
shifted transcendental quanta according to proposition 2.4. 

Referring to this same proposition, the one-dimensional shifted functional representation 
space FREPSP(GLi(F^ x IR) x (F^ x IR)) of GLi(F^r x M) x (F^ x IR) is given by the 
shifted bisemisheaf Mi]l[l] ® MiP[l]) whose set r(Mi^^[l] (g) m£^[1]) of bisections is the 
set X IR) X (Fyi x IR))}j^rnj of fibered or shifted differentiable bifunctions 

obtained from the set {0(G'|q™^''(F^i x Fyi))}^™^. of differentiable bifunctions under the 
action of the elliptic bioperator Dr ^ Dl , 2k = 1 . 
The set 

{</.(G[J7^)(F,i xIR)x X R))},,^^ = X IR))®MG^^'\F^r x M))},,^^ 

of differentiable bifunctions, being equivalent to the set x IR) x (-Fu, ™. x 

IR))}j^rnj of differentiable bifunctions, is isomorphic to the set {0(G'|q^^''(F^i x x 
(t){G^^^\R X IR))}j,mi of bifunctions in such a way that {(t){G^^^'\R X iR))}^,^_i 
is the fibering or shifting functional representation bisemispace obtained un- 
der(and being isomorphic to) the biaction of the bilineeir differential Galois 
semigroup 

Autfe(0K(iR)) X Autfc(0i.(iR)) ~ {AMtk{MJR))\F^. . X Autfc(0i.(iR))|^ 

~ Ghr{(t)R{IR) ® M^)) 

~ GLr{IR X m) 

according to proposition 2.4. 
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Thus, the bihnear semigroup GLr{IR x M) of matrices constitutes the representation of 
the bihnear differential Galois semigroup associated with the action of the differential 
bioperator {D^ ® D^) on the bisemisheaf {Mv)l ® ^il'*) whose bisections are the set 
{ct>{G^^'^\F^. X F,.))}]^^ = {(/.(^(^(F^.^^. X F,^.^.))},-^^. of differentiable bifunctions. 
Let us set 

used in the following proposition. 

3.4 Proposition 

// 

0,(G'(Q)(F^ixF,i)) = 



{Dr ® DL){(j)r{G^Q){F^. X = Er^lU) MG(q){F^^ x F„i)) , 1 < J < r , 

&e ^/le eigenbivalue equation related to the bisemisheaf {Mv]^ (8) Mv]^) and associated with 
the tower of shifted differentiable bifunctions {(j){G^^^^\{F^i x IR) x (F„i x iR)))}^^^ . 
Then, the eigenbivalues of the matrix of GLr(iR x IR) , constituting a represen- 
tation of the biUnecir differential Galois semigroup associated with the biaction 
of (Dji (g) Dl) , cire the eigenbivalues {EiixL{j)}^=i of the above eigenbivalue 
equation. 

Proof : 

1) GLr{lR X IR) , being: 

1) the bihnear fibre J'rxl(TAN) of the tangent bibundle TAN{Mn ® M]^) ^ 
Ad(F) REPSP(GLi(F^ x F„) according to section 2.2, 

2) a representation of the bilinear differential Galois semigroup associated with the 
biaction of {Dr ® Dl) , 

constitutes a representation of the bioperator [Dr^Dl) because it generates endo- 
morphisms of TAN(MiJ (g) M^S) . 



2) Referring to propositions 2.11 and 2.14, we see that the set of differentiable 
bifunctions x constituting the r-bituple 

{<t>{GfhF^^ X F„i)), . . . , x F,i)), . . . , 0(d37'-)(F^i x 
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is the spectral representation of (£>it(g)£>i) (and the basis) associated with 
the r -tuple of eigenbivalues: 



3.5 Corollary 

As the j -th eigenhif unction 0(G'|q™^''(-F^i x F^i)) is a bifunction on "j " transcendental 
compact hiquanta, the corresponding eigenbivalue ErxlH) will be the shift of this bifunc- 
tion corresponding to the biaction of the bioperator {Dr ® Dl) . 

Proof: We refer to section 2.10 and proposition 2.11 concerning; 

1) the bisemialgebra of von Neumann Wl r^l^HIl^^^ ) on the tower of embedded bi- 
hnear Hilbert semispaces associated with the bisemisheaf Mv]}^^^ = My]^ M^]^ 
and 

2) the discrete spectrum T,{Dji (g) Dl) of the differential bioperator {Dr (g) Dl) . ■ 

3.6 Bilinear Gaussian orthogonal (resp. unitary) ensemble 
BGOE (resp. BGUE) 

The Gaussian orthogonal (resp. uniteiry) ensemble GOE (resp. GUE) is defined 
in the space of real symmetric (resp. hermitian) matrices by two requirements 
[Meh]: 

a) the ensemble is invariant under every transformation: 

H HW (resp. H ^ U'^ H U ) 

where: 

• W (resp. U ) is any real orthogonal (resp. unitary) matrix; 

• H is a real symmetric (resp. hermitian) matrix, generally related to the hamil- 
tonian matrix invariant (resp. not invariant) under time reversal. 

b) the various elements Hij are statistically independent. 



46 



In its simplified bilinear version, the hamiltonian H corresponds to the differential (ran- 
dom) bioperator [Dr^Dl) acting on the bisemisheaf Mv^^^^ and belonging to the bisemi- 
algebra of von Neumann MijxL(-f^i(i) ) according to sections 2.8 to 2.11 and [Piel]. 
Let then: 

Dr®Dl: M«0MW mW[1]®mW[1] 

be the biaction of [Dr®Dl) on the bisemisheaf (Mi^^ Afi]^'') generating the perverse 
bisemisheaf (M^],^ [1]®m£^ [1]) whose bisections {4)j,^.{G^^^{F^^^^.xIR)x{F,^^^xIR))}j,rn, 
are differentiable bifunctions on the (j,mj) -th conjugacy class representatives of the 
shifted or fibered bilinear semigroup 

Referring to [Piel], the perverse bisemisheaf (iVf^^)[l] iVf^^)[l]) is the operator- 
valued stringfield of an elementary (bisemi) particle. 

According to section 3.3, the bilinear semigroup of matrices GLr(iR X M) consti- 
tutes the representation of the bilinear differential Galois semigroup associated 
with the biaction of (Dr ® Dl) on (Mj^'^J (g) M^J^) . 

And, thus, GL^(iR x IR) (and OrilRx IR)), or its complex equivalent GLr(€ X €) 
(and Ur{IRx IR) ), is the new bilinear Gaussian real (orthogonal) (resp. complex 
("unitary")) ensemble labeled BGOE (resp. BGUE) corresponding to GOE 
(resp. GUE). 

3.7 Mixed higher bihnear A' -theory 

To be complete, the deformations of random matrices have to be envisaged in the fight of 
the new interpretation of homotopy-cohomotopy [Pie5] viewed as deformations 
of Galois representations in the context of mixed higher bilinear KK -theory related 
to the Langlands dynamical bilinear global program [Pie5] . 

Referring to proposition 2.4, we see that the ID -geometric infinite quantum general bi- 
linear semigroup GL(^)(F^i X F^i) is defined by: 

GL(^)(F^i X F^i) = lim GLf\Fjji x F„i) 

in such a way that GlS'^^(F^i x F^i) is the parabolic, i.e. unitary bilinear semigroup 
Pi(F^i X Fyi) , and that its shifted equivalent GL^*^^((F^i x IR) x {F^i x IR)) is given by 

GL^^\(F^i xIR)x (Fyi xm))^ lim GLf ^((F^i x R) x (F„i x R)) 

leading to a filtration 

^^.((F^i X iR) X (F„i X iR)) c • • • C G'[^7")((F^i x R) x (F„i x R)) 
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of its representatives. 

So, the bilinecir version of the algebraic X -theory restricted to ID -geometric 
dimension is given by: 

K\G^'\F^i X F„i)) = ni(BGL(«)(^i7i x F„i)+) 

where the quantum classifying bisemispace BGL^'^^(F^i x F^i) is the base bisemispace of 
all equivalence classes of deformations of the Galois representations of GL^'^^(F^i x F^i) 
given by the kernels GL^'^\5F-:;^y:^ x 5F„i+£) of the maps: 

GDf : EGL('?)(F^ X BGL(«)(F^i x 

where GD^*^^ is a universal principal GL^'^^(F^i x F^i ) -bibundle. 
Referring to chapter 3 of [Pie5] , it is easy to see that 

BGL(^)(F^i X = GLi(F^ X F„) 

and that the maps GD^*^-* become 

GDf : GLi(F^xF,+^) GLi(F^ x F„) 

having the same interpretation as GD^*^^ . 

In order to recall the bilineeir version of the mixed higher KK -theory of Quillen 
adapted to the Langlands dynamical global program in IZ? -geometric dimen- 
sion [Pie5], we have to take into account: 

a) the bisemisheaf [M^]^ (g) M^]^) , noted here FG^^^(F^ x F„) and being the functional 
representation space of GLi(F^ x F^) ; 

b) the "plus" classifying bisemisheaf BFGL^^\lRx my = BFGLi(iR x , beine the 
base bisemisheaf of all equivalence classes of one-dimensional inverse deformations 
of the Galois differential representation of FGLi(i?? x M) due to the action of the 
bioperator (Dr D^) on FG*-^-'(F^ x F^) , and corresponding to one-dimensional 
deformations of the Galois representation of GLi(F^ x Fy) given by the kernel 
{GLi(5F^x5F,+,)}, of GD(^). 

The higher (algebraic) it -theory is then given by: 

= ni(BFGLi(iR X R)+) X ni(BFGLi(F^ X F^)+) 
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in such a way that the bihnear contracting -theory Ki{FG^^\lR x M)) responsible for 
a differentiable biaction acts on the X -theory K^{FG^^\F- x F^)) of the bisemisheaf 
FG«( Fjj X Fy) in one-to-one correspondence with the biaction of the cohomotopy bisemi- 
group n^(BFGLi(iR x IR)+) of the "plus" classifying bisemisheaf BFGLi(iR x IR)+) . 

3.8 Proposition 

The deformation 

GDf: GLi(F^xF,+,) GU{F^ x F,) 

induces the following deformation: 

Gljr-\-Sr(-^r '■ GL,._|_5r^ (iR X iR) Y GL^(iR X iR) 

on random matrices GLr{IR x iR) . 

Proof: Indeed, the matrix of GLr+ar^(iRx iR) of order (r+i) constitutes a representation 
of the deformed bioperator or {{DR+6Dfi) x {Dl+5Dl)) acting on the deformed bifunction 
(l)r+Sre{G{Q){Fjji X Fyi)) and has for spectral representation the (r -|- drf) -bituple: 

decomposing into the sum of the r -bituple and the dri -bituple according to: 

= X F,i)),...,0(G|27'-)(F^i X F,0)) 

+ (</'(Gg)(F^i X F„i)), . . . , 0(G;2)(F,i X F,i))) . 

The deformation GLr+5r<;(^ x ^) of the random matrix of GLr(iR x iR) , constituting 
a deformation of the Galois differential representation GLr(iR x iR) , corresponds to the 
cohomotopy bisemigroup n^(BFGLi(iR x iR)+) according to section 3.7. ■ 

3.9 The second question 

The second question "What is behind the psirtition and correlation functions 
between eigenvalues of random matrices?" concerns the distribution of eigenvalues 
of random matrices. It will be seen that this problem is based on the (bisemi)group of 
"Galois" automorphisms of shifted transcendental compact (bi) quanta which 
leads to a reevaluation of the probabilistic interpretation in quantum theories. 
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3.10 Distribution of eigenvalues of GUE ensembles 

Wigner introduced the idea of statistical mechanics of nuclei based on a Gaussian 
ensemble (GUE) having "r" quantum states and chciracterized by a Hamil- 
tonian symmetric matrix of order "r" whose entries cire Gaussian random 
veiriables and to which a Gaussian statistical weight is associated [Wig]. 
Unsatisfied by the impossibihty of defining a uniform probabihty distribution on an infinite 
range, F. Dyson introduced the circular unitary (resp. orthogonal) ensemble 
CUE (resp. COE) [Dys] in such a way that the Hamiltonian is now described by a 
unitary matrix of order "r " whose eigenvalues are complex numbers exp(i^j) , 1 < j < r , 
distributed around the unit circle. 

This circular unitary (resp. orthogonal) ensemble corresponds to the Riemann symmetric 
space U{r)/0{r) which "lives" in GL^((Z7)/f/(r) [Mez]. 

Let then M = (Mjj)[j^^ be a random hermitian matrix to which is assigned the probability 
distribution 

^/^^^^"(^) - ^ dM 

where: 

• tr M2 = E MjiMij = E Mf. + 2 E jM^^f ; 

i,j=l 1=1 i>j 

i=l i>l 

The distribution of eigenvalues of M with respect to the ensemble /u^^^ is 

[Meh], [A-VM], [B-Z]: 

d^r'^^'W = ^ .n.(A, - A,)^ n e-^^? dX 
where the partition function [Rue] of GUE is given by: 

zGUE^ / niK-x.rhe-^^^ dX, 

(2r)'-/2 . 

— _^ i n i\ 

(2r)-V2 l\ ■ 
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3.11 m -point correlation function for GUE and Jacobi matrix 

The joint probability density function for the eigenvalues of matrices from a 
Gaussian orthogonal, uniteiry or symplectic ensemble is given by: 



Prfs{xi, . . . , = c^^ exp f -f E X- ) Il{Xi- XjY , 

\ ^ 1=1 J i>j 



— oo < Xi < +00 , 



where (3 = 1,2 or 4 according as the ensemble is orthogonal, unitary or symplectic and 
_ 1 

The m -point correlation function for the Gaussian unitary ensemble is defined 

by [Dys]: 

r! f 

(r-m)! J][ir-m 

which is the probability density of finding a level around each of the points (i.e. entries of 

M) xi, . . . , Xjn , the positions of the remaining levels being unobserved. 

The Dyson determinantal formulcis for correlation functions is [Meh], [Ble], [B-H]: 

where Kr{xk,Xj() is given by: 

Kr{xk, xe) = iP^{xk) t/jiixe) with tlji{x) = h'hiix) e-'-^'^^)/^ 

i=0 

where Pi (x) is an orthogonal polynomial or degree i corresponding to the weight function 
g-rM2(x)/2 verifying: 



/_ 



+00 

Pi{x) Pj{x) e-''^'^^) dx ~ Sij hi . 



These orthogonal polynomials, being sometimes Hermite polynomials, satisfy the 
three term recurrent relation: 

A+i Pi+i{x) = {x- ai) Pi{x) - Pi Pi-i{x) 
or X Pi^ Pi Pi-i + ai Pi + pi+i Pi+i , Pi = , ai^{x Pi, Pi) . 
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If we set P-i{x) = , we get the tower: 

X Po = ao Po + l3i Pi , 

xPi = /3i Po + ai Pi + /32 P2 , 

X P2= + (32 Pi + a2 P2 + (33 P3 + O , 

X Pi_i = + A-i Pi-2 + ai-i Pi_i + (3iPi, 
which, in matricial form, is: 

xV^JV + ^iPi. 

The matrix J is symmetric and is the Jacobi matrix such that the i roots of Pi{x) 
verifying 

Pi{xj) = , l<j<i, 

lead to 

The i roots of Pi{x) are then the eigenvalues of the Jacobi matrix J . 

3.12 Joint probability density function for the eigenvalues of ma- 
trices from BGUE and BGOE 

In the bilinear case, the random matrix corresponding to M is 

G = TG^ xTGe GLrim x IR) (or e GL^((Z7 x <U) ) 

where TG G %{IR) (resp. TG^ G Tl{IR) ) is an upper (resp. lower) triangular matrix of 
order r with entries in IR (or € ). 

The BGUE (or BGOE) probability distribution corresponding to G is: 
leading to 

The joint probability density function for the eigenvalues of matrices from a 
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Gaussian bilinear orthogonal or unitary ensemble is thus: 

\ i=l J i>j 

= fx e"''"^? n {xi -Xjf 

1=1 i>j 

which corresponds to the distribution of eigenvalues d^^^{X) of a random matrix M with 
respect to GUE, the eigenvalues (xi, . . . , Xr) being in fact eigenbivalues (xf , . . . , x^) . 
The m -point correlation function for the bilineair Gaussian ("uniteiry") (or 
real ("orthogonal")) ensemble BGUE (or BGOE): 



2 2 r\ f 2 2 

\r —m)\ J Rr-m 



then corresponds to the m -point correlation function for GUE Rmr{xi, . . . , Xm) developed 
in section 3.1.1. 

RrnvR^AA^ ■■■^^m) ^^us also givcu by: 
with: 

r-1 

• Kr{Xk,Xi) = S ijjiiXk) ijjiiXi) 

i=0 

and 

• ^|J,(x) = h-^Pi{x) e--[(^G^xTG)(llxli)]/2_ 

As in section 3.11, Pi{x) is an orthogonal polynomial of degree i associated with the weight 
function e-'-[(^«^x^G)(«x^)]/2 where TG'^(iR) x TG{1R) = G{1R x IR) is the bilinear Gauss 
decomposition of the matrix G . 

These orthogonal polynomials Pi{x) also satisfy the three term recurrent relation leading 
to the Jacobi matrix. 

3.13 Proposition 

Let 

r-1 

Kr{x,x) = E i/Jiix) ipi{x) 

i=0 

be the energy level density with ipi{x) given by: 

^|;,{x) = h--^P,{x) e-H(TG-xrG)(KxK)]/2 _ 

Then, we have that: 
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1) the squares of the roots (xj) of the polynomial Pi{x) correspond to the 
eigenbivalues of the product, right by left, {Urj^ X Ur^) of the Hecke 
operators; 

2) the weight e"''^^^'^^^^'^^^^^^^! is a measure on the eigenbivalues of the 
matrix G G GLr(-Kx M) being a representation of the differential bilinecir 
Galois semigroup. 

Proof : 

1) According to section 3.11, the roots of the orthogonal polynomial Pi{x) are the 
eigenvalues of the Jacobi matrix J . 

On the other hand, the set {Pj(a;)}*^]^ of orthogonal polynomials envisaged in the 
tower of the three term recurrent relations leading to the matricial form 

X P=J P + PiPi 

is in one-to-one correspondence with the set {(f){G^Q^{F^i x -F„i))}j=i of differentiable 
eigenbif unctions, being the spectral representation of the bioperator {Dr (8) Dl) ac- 
cording to proposition 3.4 and constituting a representation of the bilinear semigroup 
of automorphisms Autjfc(F^) x Autjk(F„) of compact transcendental biquanta gener- 
ating a bisemilattice according to section 3.3. 

This bisemilattice results from the action of Hecke bioperators (C/i^(S)C7i^) 
generating the endomorphisms of the bisemisheaf (M^^ X M^^) referring 
to sections 1.5 and 3.6. 

Consequently, the Jacobi matrix J must be a representation of the Hecke 
operator Uij^ , and, thus, the square of the roots of the polynomial Pi{x) corre- 
spond to the eigenbivalues of the Hecke bioperator (C/j^ (8) C/j^) and are global Hecke 
(extended) bicharacters referring to [Pie2] . 

2) The weight g"''!*^-^'^^^"^*^)*^'^^'^^!/^ is thus a representation of the differential bilin- 
ear Galois semigroup Autfc(0/j(iR)) x Autfc(0/^(iR)) shifting the product, right by 
left, of automorphism semigroups Aut k {(I) r^Fjj)) x Autk{(f)L{Fv)) of cofunctions and 
functions on compact transcendental quanta according to proposition 2.4 and devel- 
opments of N. Katz [Kat]. 

This representation of the bilinear differential Galois semigroup is then associated 
with the biaction of the differential bioperator {Dr^Dl) of which eigenbivalues are 



54 



shifts of global Hecke (extended) bicharacters referring to section 3.4 and proposi- 
tion 3.5. ■ 



3.14 Corollary 

The Jacobi matrix J is a representation of the Hecke operator. 

Proof: This results directly from proposition 3.13. ■ 

3.15 Proposition 

The probabilistic interpretation of quantum (field) theories is thus related to the bilinear 
semigroup of automorphisms Autfe(F^) xAutjfc(F„) (resp. Autjk(F^) xAutfe(F„) ) of compact 
transcendental (resp. algebraic) biquanta generating a bisemilattice of these. 

Proof: The probabilistic interpretation in QFT is given by the function density 

Pr{x,x) = Pi{x) Pi{x) 
1=0 

where: 

• Pi{x) is an orthogonal polynomial of degree i ; 

• Pr{x,x) dx e Kr{x,x) being the (wave) function density gives the probability of 
finding a (bisemi) particle in a volume element {x, x + dx) . 

As Pi{x) Pi{x) or more exactly Pi{—x) Pi{x) , x G iR+ , constitutes a representation of 
the bilinear semigroup of automorphisms Autfe(F^) x Autfc(F^) according to sections 1.5 
to 2.12, we get the thesis. ■ 

3.16 Proposition 

The m -point correlation function for BGUE (or BGOE) R ) constitutes a 

representation of a the bilinear semigroup of automorphisms Anik{4'R{F-^ x IR)) x 
Autfe(0L(-Pi; X Si)) of fibered or shifted compact transcendental biquanta: 

R'epAutfc(</.flxi(F^xfl)) : Autfe(0i?(F^xiR))xAutfc(0L(F^xiR)) — )■ R 
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Proof: We refer to proposition 2.4 and section 3.12 showing that, in 

i=0 

with 

^■(x) = h-^ Pi{x) exp(-r[rG'^ x TG){IR x IR)]/2) , 

a) the polynomials Pi{x) constitute a representation of the linear semigroup of auto- 
morphisms Autjfc(F„) of compact transcendental quanta; 

b) the weight cxp{—r[TG^xTG){IRxIR)]) is a representation of the differential bilinear 
Galois semigroup Autk{4>R{IR)) x Autfc(0L(iR)) ; 

c) the products ipi{xk) i^i{x() constitute a representation of the bilinear semigroup of 
automorphisms Autfe(0ij(F^ x IR)) x Autfe(0i(F„ x ]R)) of shifted compact transcen- 
dental biquanta. ■ 



3.17 The third question "What interpretation can we give to 
the local spacings between the eigenvalues of large random 
matrices?" 

This question [A-B-K] , [ Joh] is a direct consequence of the responses given to the two first 
questions and shows the central importance of the biquanta in this field as proved in the 
following sections. 

3.18 Proposition 

1) The consecutive spacings 

5Er^l{3) = Er^l{j + 1) - Er^l{j) , 1 < J < r < oo , 

between the eigenbivalues of the random matrix G of GLr{IR x M) are the infinites- 
imal bigenerators on one biquantum of the Lie subbisemialgebra gl]^(F^i x F^i) of the 
bilinear parabolic unitary semigroup Pi{F^i x F^i) C GLi(F^ x Fy) . 

2) The k -th consecutive spacings 

SEiUj) = Er^lU + k)- Er^l{3) , k<3, 

between the eigenbivalues of the random matrix G of Ghj.{IR x IPt) are the infinites- 
imal bigenerators on k biquanta of the Lie subbisemialgebra gli(F^fc x F^k) of the 
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bilinear k -th semigroup GLi(F^fc x F^k) C GLi(F^x F^) , where F^k (and F^k ) de- 
notes the set of transcendental subextensions characterized by a transcendence degree 

tr-d- F^k ^k- N 

referring to k biquanta included in transcendental extensions having higher or equal 
transcendence degree. 

Proof: Referring to proposition 3.4 and corollary 3.5, it appears that the set {-E'iixL(j)}5=i 
of eigenvalues of a random matrix G of GLj. {IR x IR) , being shifts of eigenbifunctions of 
the eigenbivalue equation 

{Dn^DL){MG{Q){Fv^ X F,i))) = Er^l{MG(Q){F^^ x 

is the set of infinitesimal bigenerators on j biquanta of the Lie bisemialgebra gli{Fy x Fy) 
of the Lie bilinear semigroup GLi(F^ x F„) . 
And, thus, the consecutive spacings: 

SEr^lU) = Er^lU + 1) - Er^^lU) , 

between the eigenbivalues of a random matrix G of GL,.(iR x IR) are the infinitesimal 
bigenerators on the biquantum on the Lie subbisemialgebra gl]^(F^i x F^i) of the bilinear 
parabolic unitary semigroup Pi(F^ixF^i) on the product, right by left, of sets F^i and F^i 
of transcendental subextensions characterized by a transcendence degree tr -d • F^i — N . 
Similarly, the k-th consecutive spacings 

SE^^l^ij) = Er^lU + k)- Er^lU) 

refer to the infinitesimal bigenerators on k biquanta of the Lie subbisemiagebra gli{F^k x 
F^k) of the Lie bilinear k-th semigroup GLi(F^fc x F^k) C GLi(F^ x F^) . ■ 

3.19 Corollary 

1) The consecutive spacings 

SEr^lU) = Er^lU + 1) - Er^lU) , 1 < J < r < oo , 

between the eigenbivalues of the random matrix G of GLr{IR x IR) correspond to 
the energies of one free biquantum from subbisemilattices of (j + 1) biquanta. 
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2) The k -th consecutive spacings 



^E^rLU) = Er^lU + k)- Er^lU) , k<j, 



between the eigenbivalues of the random matrix G of GLr{IR x IR) correspond to 
the energies of k free biquanta from subbisemilattices of {j + k) biquanta. 

Proof: As the infinitesimal bigenerators -Ei?xL(j) of tfie Lie bisemiagebra gli(-Fu x F^) 
are sliifts of eigenbifunctions on j transcendental biquanta according to section 3.3, tfiey 
correspond to the energies of tliese j transcendental biquanta and thus to j transcendental 
biquanta of energy. ■ 

3.20 Lemma 

Let SERy^L^j) denote the consecutive spacings between the eigenbivalues of the matrix G 
of GLrim X m) . 

Then, SEr^l^J) decomposes into: 



where SEFRxiiJ) and SEVr^lU) denote respectively the fixed (or constant) and variable 
consecutive spacings between the r eigenbivalues of the matrix G of GLr{IR x IR) . 

Proof: There are surjective maps 



between the consecutive spacings SEr^lIJ) , referring to the infinitesimal generators of Lie 
subbisemialgebras or energies of one biquantum in a lattice of (j + 1) biquanta, and the 
respective "variable" consecutive spacing SEVrxlU) in such a way that their kernels are 
the fixed consecutive spacings SEFrxlU) being equal for every integer j , 1 < j < r < oo . 
Consequently, the energy SER^L^j) of one biquantum in a lattice of (j + 1) biquanta 
decomposes into a fixed part common to all considered bisections and into a variable part 
differing from one bisection to another. ■ 

3.21 Proposition 

1) The consecutive spacings 



SEr^lU) = SEFr^lU) + SEVr^lU) 



SE^,{j) : 






1 < J < r , 
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between the eigenbivalues E^^Y^{j + l) and E^'^Y^{j) of the unitary random matrix 
Ur{€ X €) e Ur{€ X €) (or Or{IR X IR) e Or{IR X M) ) are the variable (unitary) 
infinitesimal bigenerators on one biquantum of the envisaged Lie subbisemialgebra 
or variable (unitary) energies SEV^^j^^{j) of one biquantum in subbisemilattices of 
(j + 1) biquanta. 

2) The k -th consecutive spacings 

SEViT^'^j) = + k)- , k<j, 

between the eigenbivalues of the unitary random matrix Ur{€ x €) (or Or{IR x M) ) 
are the variable (unitary) infinitesimal bigenerators on k biquanta of the envisaged 
Lie subbisemialgebra or variable (unitary) energies 5EV^^f^^^^{j) on k biquanta 
in subbisemilattices of {j + k) biquanta. 

Proof: Similarly as it was developed in proposition 3.18, the set {-E'^xL^(i)}j=i of eigen- 
bivalues of Ur{(D X (0) , being shifts of eigenbifunctions of the eigenbivalue equation: 

{Dr ® DL)mP^Q){F^. X F,0)) = El'il^{3){(t>r{PiQ){F^^ x 

is the set of unitary infinitesimal bigenerators of the Lie bisemialgebra gli(i^^i x F^i)) of 
the Lie bilinear parabolic semigroup P\{F^i x F„i) . 

Indeed, the bihnear semigroup of matrices Ur{(Ox(C) (or Or{IRxIR) ), of the bilinear circu- 
lar unitary (or orthogonal) ensemble BCUE (resp. BCOE), constitutes the representation 
of the unitary bilinear differential Galois semigroup associated with the biaction of the dif- 
ferential bioperator (Dr®Dl) on the unitary bisemisheaf (M^i^ (8) M^i^) C (Mi]j^ (8)Mi]j^) 
according to proposition 2.4 to corollary 2.7. 
And, thus, the consecutive spacings 

EITl% + 1) - Elfl^j) = 6EV^^rij) 

between the eigenbivalues of Ur{(Ox(C) (or Or{JRx]R) ) are the variable (unitary) infinites- 
imal bigenerators of Lie subbisemialgebras gli(F^i x F^i) or (unitary) variable energies 
5EV^^}^^{i) of one biquantum in sublattices of (j -|- 1) biquanta. 

The case of /c-th consecutive spacings 6EVl^J^'^^^{j) can be handled similarly by taking 
into account the content of proposition 3.18. 
Remark finally that 

5EVn.L{3) = SEVl^nj) - 5E^^T{3) • 
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3.22 The fourth question "What interpretation can we give to 
the spacings between the nontrivial zeros of the zeta func- 
tion C(s)?" 

This question depends on the solution of the Riemann hypothesis proposed in [Pie 7] and 
is briefly recaUed in the following sections [Edw] , [Rie] , [Tit] . 

3.23 Cuspidal representation given by global elliptic bisemimod- 
ule 

Let -S'i(2, = 1) (resp. 5'i?(2, A^" = 1) ) denote the (semi) algebra of cusp forms fiiz) 
(resp. fniz) ) of weight 2 and level N — 1 holomorphic in the upper (resp. lower) half 
plane as developed in [Pie7]. fiiz) (resp. fniz*)), expanded in Fourier series according 
to: 

hiz) = E anq\q = e^^- , ^ G (Z7 , (resp. fniz*) = S a, q*"" , q* = e'^^''* ) 

n n 

is the functional representation space of G^^\F^) = T2(Fj) (resp. G^'^\FI) = T^iFl) ) 
where (resp. F^ ) is the set of increasing toroidal complex transcendental extensions 
referring to section 1.9. 
Then, we have that: 

fniz*) X h{z) = FREPSP(GL2(Fj x FJ) 

-G^'\fSxF^) 

is a cusp biform of weight 2 and level 1 . 
On the other hand, we can consider the map: 

Mf^a-- fLiz)^CLis+) (resp. Mf^cn-- fniz*) ^ Cnis-) ) 

of the cusp form /z,(-2) (resp. fniz*) ) into the corresponding zeta function Cl('S+) (resp. 
C_r(s_) ) in such a way that s+ = a + ir (resp. s_ = cr — ir ) be an "energy" variable 
conjugate to the spatial variable z (resp. z* ). 

Referring to section 2.12 introducing a 2n -dimensional global elliptic (F— (2n) )-bisemi- 

module 0^xl(^) ' '^^ ^^^^ reduced to a 113-pseudounramified simple 

global elliptic (F— (2n) ) -bisemimodule: 

<f>RlM = S(A("'')(n) e""'^^"^ A("'")(n) 6+"'^^"^) , x e IR , 
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if: 



a) pseudounramification is concerned, i.e. the conductor A^" = 1 ; 

b) simplicity is supposed, i.e. the multiphcity m„ is equal to one on each level "n". 
This global eUiptic {^j^w ) -bisemimodule 

^RxTi^) = ^R^'"^{^) ®-D 0L^'"'^(2^) { ®D '■ diagonal tensor product) 

can be interpreted geometrically as the sum of products, right by left, of semicircles 
of level " n " on n transcendental compact quanta in such a way that (^) ^e 

the cuspidal automorphic representation of the complete bilinear semigroup GL2(-F^"'^^ x 
Fy"'^^) according to sections 1.5 and 2.12 and cover the weight 2 cusp biform fniz*) (8) 
hiz) . 

On the other hand, as we are dealing with bisemiobjects, the zeta functions and 
Cl{s+) , defined respectively on the lower and upper half planes, are considered. 

3.24 Proposition 

Let 

be the map between the double ID -pseudounramified simple global elliptic bisemimodule 
^RxTi^) ^'^^ product, right by left, of zeta functions given by: 

Cr(s-) ®d Cl{s+) = E {n~'- (8)D n-'+) . 

n 

T/ien, the kernel Ker(i?<ji^^^^^^^^) of the map -ff</)Hxi->^CRxi, is the set of squeires 
of trivial zeros of Cr{s-) and Cl{s^) . 

Proof: The kernel Ker(i7<^^^^^.^^^^) of H^^^^^q^^^ maps into the set of "trivial" zeros 
of C,r{s-) and C,l{s+) which are the negative integers —2, — 4 , . . . 
Consequently, this kernel must be the set of bipoints: 

{(Tun X <7ni = 2A("'')(n)(e-2'^^"^ I X = 0) X 2A("'^)(n)(e-''^^"^ 1^ = 0)} 
- 4/4 = } 

where (A("''^(n^))^ is the square of the global residue degree fv„ — n as proved in [Pie 7], 
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in such a way that the left (resp. right) point CTnj^ = 2X^'^'^\n) e^'^*"^'^ \ x = 0) 
(resp. (Tnjj^ = 2X^'^'^\n) e"^'^*"^^ \ x = 0)) corresponds to the degeneracy of the 
(irreducible) circle 2A("''^(n) e^^*"'^ (resp. 2\^'^'^'>{n) e~^'^*"=" ) on 2n left (resp. 
right) transcendental quanta. 

Remark that the one-to-one correspondence between the global elliptic semimodule 
2(f)^l^'"'^ (x) (resp. 20^'*'"'^ (x) ) and the left (resp. right) zeta function Cl(s+) = En~*+ 

n 

(resp. Cr{s-) = En"'*- ) is clear if it is noted that = n'^+^'^ can be written 

n 

where e*^^"" can correspond to the radius of a circle with phase e*"^^"" in such a way that 
j^^gCT^nn maps into 2X^"''^\n) and l/e*"^^"" maps into e^'^'"^ for each term of Cl{s+) and 
of 20i')'"7x) . 



3.25 Proposition 

Let -D4n2 j2 ■ £4^2 be a coset representative of the Lie (bisemi) algebra of the decomposition 
(bis emi) group Di2{Z)\^n'2 and let a^n'^ be the split Cartan subgroup (bi)element. 
Then, the products of the pairs of the trivial zeros of the Riemann zeta functions 
Cr(s-) and <^i(s_|_) are mapped into the products of the corresponding pairs 
of the nontrivial zeros according to:; 



{DAn?,i^ ■ ^An?} '■ {det(Q;4„2)}„ )■ 

{(-2n) X (-2n)}„ 

where "ss denotes the semisimple form. 
Proof: Let 

a4„2 = 



{det(D4„2 j2 ■ e4n2 ■ a4n'2)ss}n 



( \ 

4n^ 



be the (split) Cartan subgroup element associated with the square of the global 
residue degree f^^^ — 2n . 
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Let 



-D4n2,i2 = 



1 i 



1 



be the coset representative of the Lie (bisemi) algebra [Pie3] of the decomposition 
(bisemi)group acting on a4„2 : 

It corresponds to the coset representative of an unipotent Lie (bisemi) algebra mapping in 
the topological Lie (bisemi) algebra ^-^{F^^"^ x F^"'^^) consisting in vector fields on the Lie 
subgroup GUiF^""^ X fIT'^) . 
Let 

/ \ 

E^r^■^ 



£4n2 — 



V 
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be the infinitesimal (bi) generator of this Lie (bisemi)algebra corresponding to the 
square of the global residue degree /„2„ = 2n . 

Every root of the Lie (bisemi) algebra is determined by the (equivalent) eigen- 
values Af"^(4n2,i2,i;4n2) of 



-D4n2,i2 • £4^2 • a4„2 = 



/ \ 

1 i 



1 



/ 



-^4^2 





V 



4n2 
1 



given by 



Af^)(4n^^^£;4n2) = 



1 ± i^(16n2 . ^;4„2) - 1 



where D^^'^ p ■£4^2 is the coset representative of the Lie (bisemi) algebra Lie (D4„2(^) 14^2) 
of the decomposition group Dfi^Z)^^^'^ . 

According to proposition 3.24, the squares (— 2n)^ of the trivial zeros of Cr{^-) 
Cl(s+) are the squares of the global residue degrees f^.^^ = 2n . 

As D4„2 • £4^2 is of Galois type, it maps squares of trivial zeros (— 2n)^ into products 
of corresponding pairs of other zeros A5'''^(4n2,i^F4„2) = AL"''''(4n2,i^£;4„2) which are 
nontrivial zeros since they have real parts localized on the line a — ^ 



2 • 



So, -D4„2 j2 ■ 64^2 maps a lattice of transcendental biquanta on the considered Lie (bisemi) 
group into a lattice of energies of these biquanta on the associated Lie (bisemi) algebra. 1 
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3.26 Corollary 

The eigenvalues A^'^''(4n^, i^, £'4„2) and A^'^^(4n^, i^, £^4^2) of (D^^'^ p -£4^2 •q;4„2) for all 
n & IN are the nontrivial zeros of the Riemann zeta function (^{s) — E . 

n 

Proof: The set {— 2n}„ , being the trivial zeros of the right and left zeta functions C,r{s-) 
and Cl('5+) , constitutes also the set of trivial zeros of the classical Riemann zeta function 

n 

So, the eigenvalues A^'^^(4n^, i^, i?4„2) and A^'''*(4n^, i^, £'4^2) of (D4„2^j2 -£4^2 • q;4„2) , 
generated from the corresponding trivial zeros " —2n " , are: 

a) the nontrivial zeros of C,{s) since they are localized on the line c = | and disposed 
symmetrically on this line with respect to r = 0, s — a -\-iT ] 

b) the relevant zeros of the energy density function C^{s) which is an inverse space 
function, i.e. an "energy" function, on transcendental quanta labelled by the integers 
"n". ■ 



3.27 Proposition 

Let the nontrivial zeros of C{^) > A^'''*(4n^, i^, i?4„2) and A^'^''(4n^, i^, £4^2) he written 
compactly and classically according to \ + ijj and ^ — ijj , j n . 

1) Then, the consecutive spacings 

^li = 7i+i - 7j ? i = 1, 2, . . . 
between the nontrivial zeros of C(*) equivalently: 

a) the infinitesimal generators on one quantum of the Lie subsemialgebra 
gli(i^^r^^) (or gli(i^ir^^)) of the linear parabolic unitary semigroup 
Pi(Fir^) C GLi(f/-)) = Ti(F(-)) (or Pi(F^r^) C GLi(4"^)) = 

b) the energies of one (free) quantum from subsemilattice of (j + 1) 
quanta in such a way that 6^. > where is the energy of one 
quantum bound to j quanta. 

2) The fc-th consecutive spacings 

^3 = Ij+k - Ij , 
between the nontrivial zeros of C,{s) eire equivalently: 
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a) the infinitesimal generators on k quanta of the Lie subsemialge- 
bra gli(Fir^) (or gli(i^;;r^)) of the fc-th semigroup GLi(Fjr^) C 
GLi(Fj-)) (or GLi(^;Jr)) CGLi(f4"^))). 

b) the energies of k (free) quanta from subsemilattice of {j + k) quanta. 

Proof: According to proposition 3.25, every nontrivial zero (| ± 7^+1) of , Cl('S+) 

or ^(s) is the infinitesimal generator of the Lie semialgebra ^i{Fv]^l\) (or gli(-P'ij^j) ) on 
(j + 1) compact transcendental quanta or, physically, the energy of (j + 1) compact 
transcendental quanta. 
So, the consecutive spacing 

between 7^+1 and 7^ , is the infinitesimal generator on one quantum on the Lie subsemi- 
algebra gl]^(F|r'^^) of the parabolic unitary semigroup Pi[F^^^) or the energy of one free 
quantum in a subsemilattice of (j + 1) transcendental compact quanta. 
The k -th consecutive spacings 

= 7j+fe - Ij 

can be handled similarly. ■ 

3.28 The fifth question "What is the curious connection between 
the spacings of the nontrivial zeros of (^(s) and the corre- 
sponding spacings between the eigenvalues of random ma- 
trices?" 

This question finds a response in the following propositions [B-K] , [G-M] . 

3.29 Proposition 

The consecutive spacings 

between the nontrivial zeros of the Riemann zeta function C{s) as well as the consecutive 
spacings 

<^4:?(i)=4:?(i+i)-4:?(i) 

between the square roots of the pseudounramified eigenbivalues of a random matrix (of) 
GLr{IR xlR) (or of GLr{€ x€) ) or between the pseudounramified eigenvalues of a random 
matrix of GLj.(iR) , are equivalently: 
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a) the infinitesimal generators on one quantum of the Lie subsemialgebra gli{F^]^^^) (or 
gli{F^i^^) ) of the linear parabolic unitary semigroup Pi{F^^^) (or Pi{F^i^^) ); 

b) the energies of one transcendental pseudounramified {N — 1) quantum in subsemi- 
lattices of (j + l) transcendental pseudounramified quanta. 

( R,L means R (right) or L (left)). 

Proof: The equivalence between the consecutive spacings of ({s) and the consecutive 
spacings 5E^^^(j) between the square roots of pseudounramified eigenbivalues of a random 
matrix of GLr{lR x M) or between the pseudounramified eigenvalues of a random matrix 
of GLr(iR) , results from propositions 3.18 and 3.27. 

The equivalence is exact if the eigenbivalues of a matrix of GLj.{IR x IR) are pseudoun- 
ramified, i.e. if they are eigenbivalues of the eigenbivalue equation (see proposition 3.18): 

{Dn®D,){MGiQ){F^7^ X F^r^))) = E^Zlij)iMGiQ){F!,r^ x F^^^))) 

where F^i^^ (and F^^^^ ) are unitary transcendental pseudounramified extensions (case 
N — 1) referring to section 1.5. 
Finally, remark that 



where SE^^^iJ) is a consecutive spacing between pseudounramified eigenvalues and 

\J (J-E'r^xlO) is ^ consecutive spacing between square roots of pseudounramified eigen- 
bivalues. ■ 



3.30 Corollary 

The set {SE^^^j^{j)}j of consecutive spacings between the square roots of the eigenbivalues 
of a random matrix of GLr{IR x IR) (or of GLr{€ x €) ) or between the eigenvalues of 
a random matrix of GLr{]R) , as well as the set of consecutive spacings between 

the nontrivial zeros of C,{s) constitutes a representation of the differential inertia Galois 
(semi) group associated with the action of the differential operator or Dr. 

Proof: This is immediate since the sets {6E^^^j^{j)}j and {57^}^ arc infinitesimal gen- 
erators of the Lie subsemialgebra of the linear parabolic unitary semigroup Pi(f|"^'') (or 
Pi{F^"^) ) and as the unitary parabolic bilinear semigroup Pr{IR x IR) C GLr(IR x IR) 
corresponds to the "bihnear" representation of the product, right by left, Intfc(0R(iR)) x 
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Intfe(0i,(iR)) of differential inertia Galois semigroups according to proposition 2.4 and 
corollaries 2.5 and 3.5, we have that: 

Prim xm)^ Rep[{lntk{M^))\F^i) X (Intik(0L(iR))|F,i)] ■ 
3.31 Proposition 

Let {S'yj}j be the set of consecutive spacings between the nontrivial zeros of and let 
{6ER^L{j)}j be the set of consecutive spacings between the square roots of the eigenbivalues 
of a random matrix of GLr(iR x IR) (or of GLj.((r x €) ) or between the eigenbivalues of 
a random matrix of GLr(i??) . 
Then, there is a surjective map: 

of which kernel Ker[JiVff;_).-y] is equivalently the set 

{SEnAj) - , V i , 1 < J < r , 

a) of differences of consecutive spacings between the square roots of the 
pseudoramified and pseudounramified eigenbivalues of a random matrix 
of GLr(iR X IR) )(or of GL^((£' x ), or between the pseudoramified and 
pseudounramified eigenvalues of a random matrix of GLr(iR) ; 

b) of the energies of one compact transcendental pseudoramified {N > 
2) quantum in subsemilattices of (j + 1) transcendental pseudoramified 
quanta. 

Proof: First, remark that the surjective map 

leads precisely to the map (or to the equality) between the spacing distribution between 
eigenvalues of a random matrix and the pair correlation of the nontrivial zeros of C,{s) 
[Mon]. 

If the kernel Ker[/MB_^^] of the map IMe-^^ is null, then 

i.e. the consecutive spacings between the cigcn(bi)values of a random matrix arc pseudoun- 
ramified, implies the thesis of proposition 3.29, i.e. the equality between the consecutive 
spacings d'fj of ({s) and the consecutive spacings between eigenvalues. ■ 



67 



3.32 Proposition 



Let 



&e ^/le consecutive spacings between the square roots of the pseudounramified eigenbivalues 
of a random unitary matrix of Or{IR x IR) or of Ur{€ x €) ) or between the pseudoun- 
ramified eigenvalues of a random unitary matrix of Or{Si) . 
Then, there is a surjective map: 

between the set {S^j}j of consecutive spacings between the nontrivial zeros of (^{s) and 



the set 



J ■ 



Proof: According to lemma 3.20, the consecutive spacings ^-ErxlO) between the eigen- 
bivalues of GLj.(iR X M) decomposes into fixed and variable consecutive spacings 

which is also the case for the consecutive spacings SE^^^^]^{j) between pseudounramified 

eigenbivalues. 

As 

according to proposition 3.29, it results that the consecutive spacings between nontrivial 
zeros of also decomposes according to fixed and variable consecutive spacings 

S'yj = S'yFj + d'yVj , V j , 1 < j < r , 

in such a way that 

SjV, = 5EV^-i^-^^\j) ^ 6E^-r'^%) . 

And, the variable consecutive spacings {S'~fVj}j constitute a representation of the dif- 
ferential variable inertia Galois subgroup according to corollary 3.30, the differential 
variable inertia Galois subgroup being a subgroup of the differential inertia 
Galois subgroup. ■ 
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3.33 Proposition (main) 
Let 

denote the fc-th consecutive spacings between the nontrivial zeros of C,{s) . 
Let: 

and 

. 5EvkT^'^^''''\3) = + fc) - <I^'"^^^J) , 

1 < J < »^ ? k <j , 
be the fc-th consecutive spacings between respectively 

• the pseudoramified eigenvalues of a random matrix of GLr (IR) ; 

• the pseudounramified eigenvalues of a random matrix of GLj.(iR) ; 

• the pseudounramified eigenvalues of a random unitary matrix of Or{IR) ■ 
Then, we have: 

1) S^f^^ = 6E^^^j^'^^\j) which eire equivalently: 

a) the infinitesimal generators on fc quanta of the Lie subsemialgebra 
gli(F^r^) of the linear fc-th semigroup GLi(F^r^) C GLi(F(--)) ; 

b) the energies of k transcendental pseudounramified {N = 1) quanta 
in subsemilattices in (j +fc) transcendental pseudounramified quanta; 

c) a representation of the diff"erential Galois (semi) group associated with 
the action of the diff'erential operator Dl or Dr on a function on fc 
transcendental pseudounramified quanta. 

2) 3i surjective map: 

of which kernel KerfJMg^^] is the set {<5-EJi*;i(j)-<5i?£?'^'"\j)}j of differ- 
ence of k -th consecutive spacings between the pseudoramified and pseudounramified 
eigenvalues of a random matrix of GLr(-K) . 
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3) a bijective map: 

where 5^^^^ denotes a k -th (variable) consecutive spacing verifying 



Proof: This proposition is a generalisation of propositions 3.29, 3.31 and 3.32 to k-th 
consecutive spacings. ■ 

3.34 Physical interpretation of the nontrivial zeros of ({s) 

It was suggested for a long time that the nontrivial zeros of the Riemann zeta function are 
probably related to the eigenvalues of some wave dynamical system of which (Hamiltonian) 
operator is unknown [Kna]. 

Considering the new mathematical framework presented here taking into account the solu- 
tion of the Riemann hypothesis, the connection between these two fields is rather evident. 
Indeed, referring to propositions 3.29 and 3.31, we see that there exists a surjective map: 

IM^^nr)^^: Er^lU) 7,-, Vj, l<i<r, 

between square roots of eigenbivalues of a random matrix of GL^ (iR x M) (or GLr{(C x C) ) 
and nontrivial zeros of ({s) in such a way that the kernel Ker[/M^(„r)^ ] of /M^{„r) 

is given by the set Ker[/M^(nr)^^] = {Eji^L{j) — E^^2{j)}j of differences between the 
square roots of the pseudoramified and pseudounramified eigenbivalues of a matrix of 
GL^(iR X m) . 

And thus, if Eji^L(j) — E^^^j^ (j) , then we have that: 

The squares E^^^\{j) of the pseudounramified eigenbivalues -E^^^Hi) of GLr{lRxIR) are 
also eigenbivalues of the eigenbivalue equation: 

(according to proposition 3.18), 

of which eigenbifunctions is the set of r -bituple 

(HG^iF^^ X F^))), . . . , HG^^^iF^'^ X F^r))), . . . , HG%iF^^ x F^r^))) 
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referring to proposition 3.4. 

And these eigenbifunctions are the set r{M^^ ®M^^) of sections of the bisem- 
isheaf (M^^) M^J)) which was interpreted as the internal string field of an 
elementary (bisemi) particle according to section 3.6. 

These considerations lead to the following proposition. 
3.35 Proposition 

The squares of the nontrivial zeros jj of the Riemann zeta function are the pseu- 

dounramified eigenbivalues of the eigenhivalue (hiwave) equation: 

of which eigenbifunctions are the sections of the bisemisheaf {Mv]^ (g) Mi]j) being the in- 
ternal string field of an elementary (bisemi) particle. 

Proof: Consequently, the squares 7? of the nontrivial zeros of C,{s) are the eigenbivalues 
of a matrix of GLr(iR x IW) constituting a representation of the bilinear differential Galois 
semigroup associated with the action of the differential bioperator {Dr ® Dl) . 
And, thus, each nontrivial zero 7^- of C,{s) is the infinitesimal generator on j 
quanta of the Lie subsemialgebra gliC-^^^"^^) of the Lie subsemigroup 
GLi(Fj"'')) or the energy of j compact transcendental pseudounramified 
quanta {N = 1) . 

This can also be seen from propositions 3.25 and 3.27. ■ 
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